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Preface

This book offers a broad and accessible introduction to the relatively new field
of statistical learning theory, a field that has emerged from engineering studies of
pattern recognition and machine learning, developments in nonparametric statistics,
computer science, the study of language learning in linguistics, developmental and
cognitive psychology, the philosophical problem of induction, and the philosophy
of science and method.

The book is the product of a very successful introductory course on “Learning
Theory and Epistemology” that we have been teaching jointly in electrical engi-
neering and philosophy at Princeton University. The course is open to all students
and has no specific prerequisites other than some analytical skills and intellectual
curiosity. Although much of the material is technical, we have found that the main
points are both accessible to and appreciated by a broad range of students. In each
class, our students have included freshmen through seniors, with majors from the
sciences, engineering, humanities, and social sciences.

The engineering study of pattern recognition is concerned with developing auto-
mated systems to discriminate between various inputs in a useful way. How can
the post office develop systems to scan and sort mail on the basis of hand-written
addresses? How can a manufacturer design a computerized system to transcribe
ordinary conversations? Can computers be used to analyze medical images to make
diagnoses?

Machine learning provides an efficient way to approach some pattern recogni-
tion problems. It is possible to train a system to recognize handwritten zip codes.
Automated systems can interact with users to learn to perform speech recogni-
tion. A computer might use machine learning to develop a system that can analyze
medical images in the way that experts do.

Machine learning and pattern recognition are also concerned with the gen-
eral principles involved in learning systems. Rather than develop algorithms from
scratch and in an ad hoc manner for each new application, a systematic methodol-
ogy can be extremely useful. It is also important to have techniques for evaluating
the performance of a learning system. Knowing what is achievable and what is

xiii



xiv PREFACE

not helps to provide a benchmark and often suggests new techniques for practical
learning algorithms.

These questions are also related to philosophical questions that arise in episte-
mology. What can we learn and how can we learn it? What can we learn about
other minds and the external world? What can we learn through induction?

The philosophical problem of induction asks how it is possible to learn anything
on the basis of inductive reasoning, given that the truth of the premises of induc-
tive reasoning does not guarantee the truth of its conclusion. There is no single
solution to this problem, not because there is no solution, but because there are
many, depending on what counts as learning. In this book, we explain how various
solutions depend on the way the problem of induction is formulated.

Thus, we hope this book will serve as an accessible introduction to statistical
learning theory for a broad audience. For those interested in more in-depth studies
of learning theory or practical algorithms, we hope the book will provide a helpful
starting point. For those interested in epistemology or philosophy in general, we
hope the book will help draw connections into very relevant ideas from other fields.
And for others, we hope the book will help provide an understanding of some deep
and fundamental insights from statistical learning theory that are at the heart of
advances in artificial intelligence and shed light on the nature and limits of learning.

We acknowledge with thanks a Curriculum Development Grant from the 250th
Anniversary Fund for Innovation in Undergraduate Education from Princeton Uni-
versity. Rajeev Kulkarni gave us extremely useful comments on the whole book,
which has greatly improved the result. Joel Predd and Maya Gupta also provided
valuable comments on various parts. We have also benefitted from a careful read-
ing by Joshua Harris. We are also grateful to our teaching assistants over the years
and to the many students who have discussed the content of the course with us.
Thanks!
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Introduction: Classification, Learning,
Features, and Applications

1.1 SCOPE

In this book we are concerned mainly with pattern classification—classifying an
object into one of several categories on the basis of several observations or mea-
surements of the object. The simplest case is classification of an object into one of
two categories, but a more general case allows for any finite number of categories.

A second closely related task is estimation of a real number that is typically
related to some property of the object. As in classification, several observations
or measurements of the object are available, and our estimate is based on these
observations.

Most of our discussion concerns issues arising about the first task, classification.
But we occasionally say something about the second task, estimation. In either case,
we are interested in rules for classifying objects or estimating values, given certain
observations or measurements. More specifically, we are interested in methods for
learning rules for classification or estimation.

We discuss some concrete examples further below. For now, think about learn-
ing to recognize handwritten characters or faces or other objects from visual data.
Or, think about the problem of recognizing spoken words. While humans are
extremely good at these types of classification problems in many natural settings,
it is quite difficult to design automated algorithms for these tasks with performance
and robustness anywhere near those of humans.

Even after more than a half century of effort in fields such as electrical engineer-
ing, mathematics, computer science, statistics, philosophy, and cognitive science,
humans can still far outperform the best machine learning algorithms that have ever
been developed. That said, enormous progress has been made in learning theory,

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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2 INTRODUCTION

algorithms, and applications. Results in this area are deep and practical and are
relevant to a range of disciplines such as those we have mentioned above. Many
of the basic ideas are accessible to a broad audience. However, most treatments of
this material are at an advanced level, requiring a rather technical background and
expertise.

Our aim in this book is to provide an accessible introduction to this field, either
as a first step for those wishing to pursue the subject in more depth, or for those
desiring a broad understanding of the basic ideas. For most of the book, we focus on
the problem of two-class pattern classification. This problem arises in many useful
applications and is sufficiently rich to explain many of the key ideas in the field,
yet removes some unnecessary complications. Although many important aspects
of learning are not covered by this model, we provide many good references for
more depth, generalizations, and other models. We hope this book will serve as a
valuable entry point.

1.2 WHY MACHINE LEARNING?

Algorithms for recognizing patterns would be useful in a wide range of problems.
This ability is one aspect of “artificial intelligence.” But one might reasonably ask
why we need to design automated methods for learning good rules for classifica-
tion, as opposed to just figuring out what is a good rule for a given application and
implementing it.

The main reason is that in many applications, the only way we can find a good
rule is to use data to learn one. For example, it is very hard to describe exactly
what constitutes a face in an image, and therefore it is hard to come up with a
classification rule to decide whether or not a given image contains a face. But,
given a good learning algorithm, we might be able to present the algorithm with
many examples of images of a face and many examples of images without a face,
and then let the algorithm come up with a good rule for recognizing whether or
not a face is present. There are other benefits of having a learning algorithms as
well, such as robustness to errors in assumptions or modelling, reduced need for
explicit programming, and adaptation to changing conditions.

In general, for a classification problem, we want to decide to which of several
categories the object belongs on the basis of some measurements of the object. To
learn a good rule, we use data that consist of many examples of objects with their
correct classification. The following questions immediately arise:

1. What do we mean by an “object” and “measurements” of the object?

2. In the classification problem, what are the categories to which we assign
objects?

3. In the estimation problem, what are the values we attempt to estimate?

4. How do we measure the quality of a classification or estimation rule, and
what is the best rule we could hope for?
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5. What information is available to use for learning?

6. How do we go about learning a good classification or an estimation rule?

We describe the answers to the first three questions in this chapter. To answer
the remaining questions, some background material on probability is provided in
Chapters 2 and 3. With this background, the answer to the fourth question is
discussed in Chapters 4 and 5. The answer to the fifth question is discussed in
Chapter 6. The rest of the book is devoted to various aspects of and approaches to
the last question.

1.3 SOME APPLICATIONS

Before discussing further details, it may be helpful to have some concrete examples
in mind. There are a wide range of applications for learning, classification, and
estimation. Here we mention just a few.

1.3.1 Image Recognition

There are many applications in which the object to be classified is a digital image.
The “measurements” in this case might describe the outputs of each of the pixels
in the image. In the case of a black and white image, the intensity of each pixel
serves as one measurement. If the image has N × N pixels, then the total number
of pixels (and hence measurements) is N2. In the case of a color image, each pixel
can be considered as providing three measurements, corresponding to the intensities
of each of three color components, say RGB values. Hence, for an N × N color
image, there are 3N2 measurements.

Depending on the application, there are many classification tasks based on using
these measurements. Face detection or recognition is a common and useful appli-
cation. In this case, the “categories” might be face versus no face present, or there
might be a separate category for each person in a database of individuals.

A different application is character recognition. In this case, the writing can
be segmented into smaller images that each contain a single character, and the
categories might consist of the 26 letters of the alphabet (52 letters, if upper and
lower case letters are to be distinguished), the 10 digits, and possibly some special
characters (period, question mark, comma, colon, etc.).

In yet another application, the images might be of industrial parts and the cate-
gorization task is to decide whether the current part is defective or not.

1.3.2 Speech Recognition

In speech recognition, we are interested in recognizing the words uttered by a
speaker. The measurements in this application might be a set of numbers that
represent the speech signal. First, the signal is typically segmented into portions
that contain distinct words or phonemes. In each segment, the speech signal can
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be represented in a variety of ways. For example, the signal can be represented
by the intensities or energy in different time-frequency bands. Although the details
of the signal representation are outside the scope of this book, the signal can be
represented ultimately by a set of real values.

In the simplest case, the categories might be as simple as deciding whether the
utterance is “yes” versus “no.” A slightly more complicated task might be to decide
which of the 10 digits is uttered. Or there might be a category for each word from
a large dictionary of acceptable words and the task might be to decide which, if
any, of this large number of words has been uttered.

1.3.3 Medical Diagnosis

In medical diagnosis, we are interested in whether or not there is a disease present
(and which disease). There is a separate category for each of the diseases under
consideration and one category for the case where no disease is present.

The measurements in this application are typically the results of certain medical
tests (e.g., blood pressure, temperature, and various blood tests) or medical diag-
nostics (such as medical images), presence/absence/intensity of various symptoms,
and some basic physical information about the patient (age, sex, weight, etc.).

On the basis of the results of the measurements, we would like to decide which
disease (if any) is present.

1.3.4 Statistical Arbitrage

In finance, statistical arbitrage refers to automated trading strategies that are typ-
ically of a very short term and involve a large number of securities. In such
strategies, one tries to design a trading algorithm for the set of securities on the
basis of quantities such as historical correlations among the large set of securities,
price movements over recent time horizons, and general economic/financial vari-
ables. These can be thought of as the “measurements” and the prediction can be
cast as a classification or estimation problem. In the case of classification, the cat-
egories might be “buy,” “sell,” or “do nothing” for each security. In the estimation
case, one might try to predict the expected return of each security over some future
time horizon. In this case, one typically needs to use the estimates of the expected
return to make a trading decision (buy, sell, etc.).

1.4 MEASUREMENTS, FEATURES, AND FEATURE VECTORS

As we discussed in Sections 1.1 and 1.3, in classifying an object, we use observa-
tions about the object in order to make our decision. For example, when humans
wish to classify an object, they might look at the object, pick it up, feel it, listen
to it, etc. Or they might use some instruments to measure other properties of the
object such as size, weight, and temperature.



SUPERVISED LEARNING 5

Similarly, when designing a machine to automatically classify (or learn to
classify) objects, we assume that the machine has access to measurements of vari-
ous properties of the object. These measurements come from sensors that capture
some physical variables of interest, or features , of the object.

For simplicity, in this book we model each measurement (or feature) as being
captured by a single real number. Although in some applications, certain features
may not be very naturally represented by a number, this assumption allows discus-
sion of the most common learning techniques that are useful in the most common
applications.

We assume that all the relevant and available aspects of the objects can be
captured in a finite number of measurements/features. These finite number of
features can be put together to form a feature vector . Suppose there are d fea-
tures with the value of the features given by x1, x2, . . . , xd . The feature vector is
x = (x1, x2, . . . , xd). This feature vector can be thought of as a point or a vector
in d -dimensional space Rd , which we call the feature space. Each component of
the feature vector, indicating the value of the corresponding feature, is the value
along a particular dimension of the feature space.

In the case of image recognition with an N × N image, the number of features
is N2 for a black and white image and 3N2 for a color image.

In speech recognition, the number of features is equal to the number of real
values used to represent the speech segment to be classified.

1.5 THE NEED FOR PROBABILITY

In most applications, the category of the object is not uniquely and definitively
determined by the value of the feature vector. There are some fundamental reasons
for this. First, although it would be nice if the measured features capture all the
properties of the object important for classification, this is usually not the case.
The measured features might fail to capture some important details. This should
be clear in the examples given above.

Second, depending on the application and the specific measurements, the feature
values may be noisy. That is, there may be some inherent uncertainty or randomness
in the observed values of the features so that even the same object might give rise
to different values on different occasions.

For these reasons, it is helpful to use tools from probability to formulate the
problem precisely and guide the solution. In Chapters 2 and 3, we review some of
the basic tools from probability that we need for the rest of the book.

1.6 SUPERVISED LEARNING

After providing the necessary background from probability, in Chapter 4, we for-
mulate the pattern recognition problem. In the ideal (and unusual) case, where
the underlying probabilistic structure is known, the solution to the classification
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problem is well known and is a basic result from statistics. This is discussed in
Chapter 5.

However, in the much more typical case in applications, the underlying prob-
ability distributions are not known. In this case, we try to overcome this lack
of knowledge by resorting to labeled examples as we discuss in Chapter 6. The
learning problem, as formulated in Chapter 6, is just one type of machine learning
problem known by various terms such as learning from examples , supervised learn-
ing , statistical pattern classification , statistical pattern recognition , and statistical
learning .

The term “supervised” learning arises from the fact that examples we assume
that we have access to are properly labeled by a “supervisor” or “teacher.” This
contrasts with “unsupervised learning,” in which many examples of objects are
available, but the class to which the objects belong are unknown. There are also
other formulations of machine learning problems such as semi-supervised learning
and reinforcement learning, as well as many other related problems in statistics,
computer science, and other fields. But in this book, we focus exclusively on the
case of supervised learning.

1.7 SUMMARY

In this chapter, we described the general problems of classification and estimation
and discussed several concrete and important applications. We then introduced the
terminology of features, feature vectors, and feature space. The need for introducing
probability and learning was described.

We have mentioned both classification and estimation. We focus mainly on
classification in this book, with some discussion of extensions to estimation.

In the next two chapters, we review some principles of probability that are
important for aspects discussed in the rest of the book. After this, we formalize
the classification (or pattern recognition) problem and discuss general issues in
learning from data, before moving on to a discussion of specific learning methods
and results.

1.8 APPENDIX: INDUCTION

The appendices at the end of each chapter briefly discuss certain side issues, perhaps
of a philosophical nature.

In this book, we are concerned primarily with inductive learning rather than
deductive learning. Deductive learning consists in deriving a new conclusion from
premises whose truth guarantees the truth of the conclusion. For example, you
might learn that the area of a parallelogram is equal to its base times its height
by deducing this from what you already know about rectangles and about how the
area of a parallelogram is related to the area of a rectangle with the same base and
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height. You might then learn that the area of a triangle is equal to its base times
half its height, by deducing this from the fact that any triangle is exactly half of
a certain parallelogram.

Inductive learning consists in reaching a conclusion from evidence that does
not guarantee the truth of the conclusion. For example, you might infer from the
fact that mail has almost always been delivered before noon on Saturdays up
until now to the conclusion that mail will be delivered before noon next Saturday.
This is an inductive inference, because the data do not guarantee the truth of
the conclusion. Sometimes, the conclusion of an inductive inference is false even
though the “premises” of the inference are all true.

The philosophical “problem of induction” asks how one can be justified in
believing inductive conclusions from true premises. Certainly, it is not possible to
prove deductively that any such inductive conclusion is true if its premises are,
since typical inductive inferences do not provide such a guarantee. Even if you are
justified inductively in thinking that your mail will be delivered before noon next
Saturday, it is compatible with your evidence that your mail is not delivered before
noon next Saturday. Induction is not a special case of deduction.

It might be suggested that induction has almost always led to true conclusions
in the past, so it is reasonable to conclude that it will almost always lead to true
conclusions in the future. The objection to this suggestion is that this is circular
reasoning: we are assuming that induction is justified in order to argue that induction
is justified!

On the other hand, is it possible to offer a noncircular justification of deduction?
Wouldn’t any such justification take the form of a deductive argument and so also
be circular?

It will emerge that statistical learning theory provides partial deductive mathe-
matical justifications for certain inductive methods, given certain assumptions.

1.9 QUESTIONS

1. What is a feature space? What do the dimensions of such a space represent?
What is a vector? What is a feature vector?

2. If we want to use the values of F different features, in order to classify objects,
where each feature can have any of G different values, what is the dimension
of the feature space?

3. For a 12 × 12 grayscale image (256 grayscale levels), how many dimensions
are there for the feature vector? How many different possible feature vectors
are there?

4. Is classification a special case of estimation? What differences are there between
typical cases of classification and typical cases of estimation?
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5. About the problem of induction

(a) What is the problem of induction?
(b) How does the reliability of induction compare with the reliability of deduc-

tion?
(c) How might statistical learning theory say something about the reliability of

induction?

1.10 REFERENCES

Statistical pattern recognition as a distinct field has been an active area of research for about
half a century, though its foundations are based on probability and statistics which go back
much further than that. Statistical pattern recognition (or statistical learning) is part of the
broad area of machine learning and spans many disciplines such as mathematics, proba-
bility, statistics, electrical engineering, computer science, cognitive science, econometrics,
and philosophy. There are a number of conference, journals, and books devoted to machine
learning, and among these much of the material is devoted to statistical learning.

Mitchell (1997) is an introduction to issues about machine learning generally. Vickers
(2010) is an up-to-date discussion of the problem of induction. The other references below are
just some of the many classic and recent references that discuss statistical pattern recognition
and related areas at various levels.

Bishop C. Pattern recognition and machine learning. New York: Springer; 2006.
Bongard M. Pattern recognition. Washington (DC): Spartan Books; 1970.
Devijver PR, Kittler J. Pattern recognition: a statistical approach. Englewood Cliffs (NJ):

Prentice-Hall; 1982.
Devroye L, Györfi L, Lugosi G. A probabilistic theory of pattern recognition. New York:

Springer Verlag; 1996.
Duda RO, Hart PE. Pattern classification and scene analysis. New York: Wiley; 1973.
Duda RO, Hart PE, Stork DG. Pattern classification. 2nd ed. New York: Wiley; 2001.
Fukunaga K. Introduction to statistical pattern recognition. 2nd ed. San Diego (CA): Aca-

demic Press; 1990.
Hastie T, Tibshirani R, Friedman J. The elements of statistical learning: data mining, infer-

ence, and prediction. 2nd ed. New York: Springer; 2009.
Ho YC, Agrawala A. On pattern classification algorithms: introduction and survey. Proc

IEEE 1968;56:2101–2114.
Kulkarni SR, Lugosi G, Venkatesh S. Learning pattern classification - A survey. IEEE Trans

Inf Theory 1998; 44(6): 2178–2206.
Mitchell T. Machine learning. Boston (MA): McGraw-Hill; 1997.
Nilsson NJ. Learning machines. New York: McGraw-Hill; 1965.
Schalkoff RJ. Pattern recognition: statistical, structural, and neural approaches. New York:

Wiley; 1992.
Theodoridis S, Koutroumbas K. Pattern recognition. 4th ed. Amsterdam: Academic Press;

2008.
Theodoridis S, Pikrakis A, Koutroumbas K, Cavouras D. Introduction to pattern recognition:

a matlab approach. Amsterdam: Academic Press; 2010.



REFERENCES 9

Vapnik VN. The nature of statistical learning theory. New York: Springer; 1999.

Vickers J. The Problem of Induction, in The Stanford Encylopedia of Philosophy; 2010,
http://plato.stanford.edu/entries/induction-problem/.

Watanabe MS. Knowing and guessing. New York: Wiley; 1969.



C H A P T E R 2

Probability

In this and the next chapter, we explain some of the elementary mathematics of
probability. This provides the mathematical foundation for dealing with uncertainty
and forms the basis for statistical learning theory. In particular, we are interested
in learning when there is uncertainty in the underlying objects (feature vectors),
the labels (indicating the class to which the objects belong), and the relationship
between the class of the object and the feature vector. This uncertainty will be
modeled probabilistically.

In this chapter, we explain some of the basics of discrete probability. That
is, we focus on the case with a finite number of outcomes of interest. In the
next chapter, we briefly discuss the continuous case, in which probability density
becomes important. In the appendix we discuss some possible interpretations of
probability.

2.1 PROBABILITY OF SOME BASIC EVENTS

Suppose that we have an opaque bowl containing balls of various colors. A ball is
randomly drawn from the bowl, its color is noted, and then it is placed back in the
bowl. The probability of getting a ball of a particular color is the fraction of the
balls in the bowl that have that color.

The assumption that balls are drawn randomly means that the probability of
drawing any particular ball is equal to the probability of drawing any other ball.
That is an assumption about one sort of case. We do not assume the general
application of the principle of indifference, which says that if all we know is
that there are N distinct possibilities, then the probability of any one is equal to
the probability of any other. One problem with this principle is that there can be
different ways of counting possibilities. For example, if we toss two coins, should
we say there are three possibilities: two heads, two tails, and one of each? Or two

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
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possibilities: the coins are same versus different? Or four possibilities: head/head,
head/tail, tail/head, and tail/tail?

Suppose that there are N balls in the bowl, B of them are black, W of them are
white, and that none is both black and white. (For example, none of the balls has
black and white stripes.) Then the probability of getting a black ball is B/N and
the probability of getting a white ball is W/N .

Notation: Let xn denote the color of the nth ball drawn. So, “x1 is black”
means that the first ball drawn is black and “x2 is white” means that the second
ball drawn is white. For an event S , P(S) denotes the probability of S . So, P (xn

is white) denotes the probability that the nth ball is white.
Then we have P (xn is black) = B/N and P (xn is white) = W/N .
We are assuming that no ball is both black and white, so we are assuming that

it is impossible that the nth ball drawn is both black and white. In our notation,
we are assuming that the following is impossible: (xn is black)&(xn is white).

Consider the probability that the nth ball drawn is both black and white,
P ((xn is black)&(xn is white)). Since none of the balls is both black and
white, the fraction of the balls that are both black and white is 0. So, we have
P ((xn is black)&(xn is white)) = 0.

In general: The probability of an impossible event is 0 .
Given that no balls are both black and white, what is the probability that either

a black ball or a white ball is drawn? That probability is the fraction of balls that
are either black or white. That fraction is the sum of the fraction of balls that are
black plus the fraction of balls that are white, B/N + W/N = (B + W)/N . So,
using “∨” to mean “or,”

P ((xn is black) ∨ (xn is white)) = P (xn is black) + P (xn is white).

In general: The probability that one of several incompatible events will occur is
the sum of their probabilities .

Suppose every ball is either black or white. Then the fraction of balls that are
either black or white is N/N = 1.

P ((xn is black) ∨ (xn is white)) = 1.

In general: An event that is guaranteed to occur has the probability 1 .
It is certain that the nth ball drawn will be either black or not black. Let us use

“¬(xn is black)” to mean that the ball drawn in the nth drawing is not black. Then
we have

P ((xn is black) ∨ ¬(xn is black)) = 1.

Since a ball cannot be both black and not black, we have

P (xn is black) + P (¬(xn is black) = 1.
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Subtracting the first term from both sides of the equation yields

P (¬(xn is black)) = 1 − P (xn is black).

In general: The probability of any event is 1 minus the probability that the event
will not occur .

P (S) = 1 − P (¬S).

2.2 PROBABILITIES OF COMPOUND EVENTS

Suppose that we draw two balls, one after the other, putting back the first ball and
thoroughly mixing the balls before drawing the second. (This is called “drawing
with replacement.”) What is the probability of getting a black ball the first time
and a white ball the second time?

We have to calculate how many possibilities there are in all, and how many of
those possibilities are ones in which the first ball is black and the second is white.
Since we are equally likely to get any of the N balls from the bowl the first time
and also equally likely to get any of the N balls from the bowl the second time,
there are N × N equally likely combinations in all. How many of these are cases
in which the first ball is black and the second is white? We know that any of the
B black balls could be drawn the first time. For each of these balls, any of the W
white balls could be drawn the second time. So, there are B × W ways in which
we might draw a black ball first and a white ball second.

P ((x1 is black)&(x2 is white)) = BW

NN
.

Notice that

BW

NN
=

(
B

N

) (
W

N

)
= P (x1 is black) × P (x2 is white).

In general, the probability of several independent events is the product of their
individual probabilities . (Events are “independent” if the occurrence of one of them
does not affect the probability of the others. In this case, the probability of getting
a white ball on the second draw is not affected by whether we got a black ball on
the first draw, since we are drawing with replacement.)

What is the probability of getting exactly two black balls from the first five draws
(with replacement)? There are N × N × N × N × N = N5 possibilities. There
are B × B × W × W × W = B2W 3 ways of getting two black balls followed by
three white balls. There are the same number of ways to get any other sequence
pattern with exactly two black balls and three white balls (e.g., white-black-white-
white-black). There are 5×4

2×1 = 10 such sequence patterns. So, the probability of
getting exactly two black balls from the first five draws (with replacement) is
10B2W 3

N5 .
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We can see this as follows. If there are five possible positions for the two black
balls, then there are five choices for the first black ball. And once we choose the
position of this first black ball, then there are only four possible positions for the
second black ball. Thus, there are 5 × 4 = 20 possible placements for black ball
1 and black ball 2. But, this counts the positions of the black balls twice. That
is to say, the pattern white-black-white-white-black could be obtained with black
ball 1 in position 2 and black ball 2 in position 5, or with black ball 1 in position
5 and black ball 2 in position 2. Either possibility would give the pattern white-
black-white-white-black. Thus, to take care of the double counting, we divide the
count by 2.

In general, the number of ways of selecting r items from a set of n items is

nCr = n!

r!(n − r)!
. (2.1)

In this formula, n! = n(n − 1)(n − 2) · · · (2)(1) and is read “n factorial.” To see
this, the reasoning is similar to that in the special case we discussed above. In
particular, if we select r items from a set of n items, then there are n choices for
the first item, n − 1 choices for the second item, and so on, with n − r + 1 choices
for the r-th item. This gives

n(n − 1) · · · (n − r + 2)(n − r + 1) = n!

(n − r)!
.

But as before, we need to take care of multiple counting. Now, with r items, instead
of double counting, we have counted each arrangement r! times and so need to
divide the count by r!, which gives Equation (2.1).

2.3 CONDITIONAL PROBABILITY

Suppose that five balls are drawn with replacement. What is the probability that
exactly two black balls are drawn, given that there is at least one black ball? We
write this conditional probability as P (A|B), where A is the event of drawing
exactly two black balls and B is the event of drawing at least one black ball.

To compute this conditional probability, we compare the number of possibilities
in which at least one black ball is drawn with the number of possibilities in which
exactly two black balls are drawn.

The number of possibilities in which at least one black ball is drawn must be
equal to the total number of possibilities minus the number of possibilities in which
only white balls are drawn. Since there are W 5 ways to draw only white balls, there
are N5 − W 5 ways to get at least one black ball.

We already calculated that there are 10B2W 3 ways to draw exactly two black
balls when five balls are drawn with replacement. So, the conditional probability
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of drawing exactly two black balls, given that at least one black ball is drawn out
of five drawn with replacement is

10B2W 3

N5 − W 5
.

Suppose the balls are black or white and also plastic or glass. So there are four
categories, black and plastic, black and glass, white and plastic, and white and
glass. Suppose we know the number of balls of each of these categories, NUM(BP),
NUM(BG), NUM(WP), and NUM(WG). From that information we can figure out
how many balls in all there are, N , how many are black, how many are white, how
many are glass, and how many are plastic. A ball is randomly selected. Given all
that information, what is the conditional probability P (B|G) that a ball is black,
given that it is glass? It will be the fraction of the glass balls that are black. In
other words,

P (B|G) = NUM(BG)

NUM(G)
.

If we divide the numerator and the denominator of that fraction by the total number
of balls, N , we get

NUM(BG)

N
NUM(G)

N

,

which is the same as

P (B & G)

P (G)
.

As a general rule, as long as P (B) > 0, we have

P (A|B) = P (A & B)

P (B)
.

This last equation is sometimes taken to be the definition of conditional probability,
at least for the case in which P (B) > 0.

2.4 DRAWING WITHOUT REPLACEMENT

Suppose that we do not put back the balls after they are drawn. Instead, we choose
randomly from the balls remaining in the bowl. Then the probabilities change after
each drawing.

P (x2 is white|x1 is white) = W − 1

N − 1
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and

P (x2 is white|x1 is black) = W

N − 1
.

What is the probability of getting four white balls in a row, drawing without
replacement? Assuming that there are at least four white balls (i.e., W ≥ 4), we
have

P ((x1 is white)&(x2 is white)&(x3 is white)&(x4 is white))

=
(

W

N

) (
W − 1

N − 1

)(
W − 2

N − 2

) (
W − 3

N − 3

)
.

2.5 A CLASSIC BIRTHDAY PROBLEM

What is the probability that in a room with 23 people chosen at random, at least
two will have the same birthday? Assume that no one in the room is born on
February 29 and that a person is equally likely to be born on all the other dates.

The answer is 1 minus the probability that no two of them have the same
birthday.

Assume that the people in the room can be ordered in some way and consider
the probability that any given person does not have the same birthday as any of
the earlier people in the order.

There are 364 possible days for the second person’s birthday if it is to be
different from the first person’s birthday, so the probability that the second does
not have the same birthday as the first is 364/365. By the same reasoning, assuming
that the first two do not have the same birthday, the probability that the third does
not have the same birthday as either of them is 363/365. If none of the first N − 1
people have the same birthday, then the probability that the N th does not have the
same birthday as any previous person is (366 − N)/365.

So, the probability that no two of the 23 have the same birthday is

364 × 363 × · · · × 343

36522
≈ 0.49

(the symbol ≈ means “is approximately equal to”). Then, the probability that at
least two have the same birthday ≈ 0.51.

2.6 RANDOM VARIABLES

In all the previous examples (the focus of this chapter), there are a finite number of
outcomes of a random experiment. The outcome of a random experiment is called
a random variable. Often a random variable is denoted by X , where the capital
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letter is used to distinguish a random variable from the lower case x , which is used
to denote a specific realization of the random variable X .

Suppose there are k possible outcomes for a random variable X and denote
them by a1, a2, . . . , ak. We assume that these outcomes are mutually exclusive and
exhaustive. That is, in any trial of the experiment, one and only one of the ai

occurs.
Suppose that the outcomes a1, a2, . . . , ak occur with probabilities p1, p2, . . . ,

pk , respectively. That is to say, the probability of outcome ai is pi . Each probability
pi satisfies

0 ≤ pi ≤ 1,

and since the outcomes are mutually exclusive and exhaustive, we have

k∑
i=1

pi = 1.

So, the random variable X = ai with probability pi . This is often written as
P (X = ai) = pi or sometimes as PX(ai) = pi . PX is called the distribution of the
random variable X . If the random variable X is understood and there is no confusion
about the distribution one is considering, then sometimes the distribution is denoted
simply by P and the probability of ai is denoted simply by P (ai).

For example, in the case of B black balls and W white balls in a bowl with
N = B + W total balls, we have two outcomes. The outcome a1 might denote the
case where a black ball is drawn and a1 might denote the case where a white ball
is drawn. The corresponding probabilities are p1 = B/N and p2 = W/N . If we
toss a fair coin, the two outcomes are a1 = head and a2 = tail with probabilities
p1 = p2 = 1/2.

If we roll a fair die, there are six outcomes a1, . . . , a6, where ai denotes the
outcome that we roll i , and each pi = 1/6. Equivalently, we write P (1) = 1/6,
P (2) = 1/6, and so on. If the die is weighted in such a way that we never roll an
even number and the odd numbers are equally likely, then p1 = p3 = p5 = 1/3
and p2 = p4 = p6 = 0. Then P (1) = 1/3, P (2) = 0, and so on.

The case of a die where the outcomes are associated with real numbers is very
common. Another case that is very common is that in which the outcomes are
vectors of real numbers. Both of these cases will be used throughout this book.

2.7 EXPECTED VALUE

Consider the case where the random variable X takes on real values. We define
the average or mean or expected value of X , denoted by E [X ], as the weighted
average of the possible outcomes where the weights are the probabilities corre-
sponding to the outcomes. In particular, if the possible outcomes are a1, . . . , ak
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with probabilities p1, . . . , pk, respectively, then

E[X] =
k∑

i=1

piai . (2.2)

For example, if X denotes the outcome of rolling a fair die, then the possible
outcomes are 1, 2, 3, 4, 5, 6 and each of these has a probability of 1/6. So, we have

E[X] =
6∑

i=1

piai

=
6∑

i=1

1

6
i

= 1

6
+ 2

6
+ 3

6
+ 4

6
+ 5

6
+ 6

6
= 3.5.

On the other hand, suppose the die is weighted, as we discussed before, in
such a way that the odd numbers are equally likely but the even numbers have a
probability of 0. If X denotes the outcome of rolling this die, then

E[X] = 1

3
+ 0 + 3

3
+ 0 + 5

3
+ 0

= 3.

Note that the expected value of X need not be the most likely value of X . In the
case of a fair die, the expected value is 3.5, but the outcome of a fair die is never
equal to 3.5. Intuitively, the expected value of X is what we might expect to get if
we rolled the die many times and took the average of all the observed outcomes.
This can be quantified in various ways through results known as the laws of large
numbers, which we describe briefly in Section 3.7.

2.8 VARIANCE

Consider the following two random variables:

X1 =

⎧⎪⎨
⎪⎩

1 with probability 1/3

3 with probability 1/3

5 with probability 1/3

X2 =

⎧⎪⎨
⎪⎩

2 with probability 1/3

3 with probability 1/3

4 with probability 1/3
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X1 is the same random variable we considered in the previous section and has a
mean of 3. We can easily check that X2 also has a mean of 3. But in some sense,
X2 is tighter or less spread out about its mean. An important attribute of a random
variable called the variance quantifies this idea of deviation from the mean.

As before, suppose X is a random variable for which the outcome ai occurs
with probability pi for i = 1, . . . , k. Let μ = E[X] denote the mean of X .

If we observe ai , then the deviation from the mean is ai − μ, and we observe
this deviation with probability pi . This is observing the random variable X − μ.
If we simply took the mean of these deviations (i.e., the mean of X − μ), then we
would get zero because the positive contributions (when X is larger than μ) would
cancel out the negative contributions (when X is smaller than μ).

To avoid this cancelation, we might consider the absolute deviation, namely
|X − μ|, but another more common and analytically more useful alternative is to
consider the squared deviation (X − μ)2. This is a random variable that takes on
the value (ai − μ)2 with probability pi . The expected value of this random variable
is called the variance of X and is often denoted by σ 2 (or σ 2

X or σ 2(X) if it is
necessary to make the underlying random variable explicit). That is to say, the
variance σ 2 is defined as

σ 2 = E[(X − μ)]2, (2.3)

where μ = E[X] is the mean of X . By some simple manipulations and properties
of expectation, it can be shown that this can also be written as

σ 2 = E[(X − μ)]2 = E[X2] − μ2. (2.4)

So, when X takes on the value ai with probability pi for i = 1, . . . , k, the
expression for the variance of X can be written in any of the following ways:

σ 2 =
k∑

i=1

pi(ai − μ)2

=
k∑

i=1

pia
2
i − μ2

=
k∑

i=1

pia
2
i −

(
k∑

i=1

piai

)2

.

Returning to the random variables X1 and X2 that we defined at the beginning
of this section, recall that both have a mean of 3. Hence, the variance of X1 and
X2, denoted by σ 2

1 and σ 2
2 , respectively, are given by

σ 2
1 = 1/3(1 − 3)2 + 1/3(3 − 3)2 + 1/3(5 − 3)2 = 8/3
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and
σ 2

1 = 1/3(2 − 3)2 + 1/3(3 − 3)2 + 1/3(4 − 3)2 = 2/3.

so, as expected, the variance of X2 is smaller than X1.
Finally, we mention that the standard deviation of a random variable is just the

square root of the variance. So, if σ 2 is the variance of a random variable, then
σ is the standard deviation.

2.9 SUMMARY

In this chapter we reviewed some basic principles of probability theory. The prob-
ability of an event can range between 0 and 1. The probability of an event that is
certain is 1 and the probability of an event that is impossible is 0. The probability
of two mutually exclusive events is the sum of their probabilities. The probability
that an event will not occur is 1 minus the probability that it will occur. The prob-
ability that two independent events occur is the product of the probabilities that
each individual event occurs.

We discussed the notion of conditional probability and considered a number
of cases, including the classic birthday problem. We then defined the notion of a
random variable. We discussed the expected value and the variance of of a random
variable.

2.10 APPENDIX: INTERPRETATIONS OF PROBABILITY

Albert shows you a possibly biased coin to be used for coin tossing. It can come
up either heads or tails. What is the probability that it will come up heads on its
next toss?

We can distinguish at least two or three (or more) ways of understanding this
question, depending on whether it concerns subjective, objective, or epistemic prob-
ability.

Subjective probability has to do with your degree of belief in the proposition
that the coin will come up heads, perhaps as measured by what bets you would
accept or reject. If you could see no more reason to bet that the coin will come up
heads than to bet that it will come up tails, then your degree of belief that the coin
will come up heads would be 0.5 and that would be your subjective probability
that the coin will come up heads.

On the other hand, although you would not know this, the coin might have
been weighted so as to come up heads 60 percent of the time. In that case, the
objective probability would be 0.6 that the coin will come up heads. The objective
probability of a coin’s coming up heads is (roughly) the limit of the frequency with
which that would occur.

Epistemic probability , if there is such a thing, has to do with rational degree of
belief, perhaps as measured by what bets it would be rational for you to accept or
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reject if you were to fully appreciate your evidence and were to reason absolutely
correctly.

In this book, we are concerned always with objective probability, which is also
called objective chance.

Objective probability is not the same as either subjective probability or epistemic
probability. You may have no idea what the actual objective probability of an event
is and not enough evidence to figure it out.

We said that objective probability is (roughly) the limit of the long-run fre-
quency. But actually, objective probability is a primitive notion that cannot be
defined in more primitive terms. Consider a fair coin that is tossed again and again
forever, with no loss of metal, etc. In this infinite series of tosses, any infinite series
of heads and tails is possible. The objective probability of any one of them is 0.
With a fair coin, an infinite string of all heads is possible, but with a probability
of 0.

Strictly speaking, then, we cannot identify the objective probability of getting
heads with the long-run frequency of heads. But we can say that the objective
probability approaches 1 that the long-run frequency of heads will approach the
objective probability of heads.

The objective probability of an event is always a relative matter. It is the prob-
ability of that event’s occurring in a certain idealized chance setup, for example,
a certain person’s tossing a coin on a particular occasion and its landing either
heads up or tails up. At one level of abstraction, the probability of heads may be
1/2. At another level, given the particular way the coin is tossed, the existing air
currents and possible landing surfaces, it may be causally determined how the coin
lands, so the probability of heads may be 1 or 0. At the quantum level, it may be
probabilistic again even with those details.

If the coin is tossed by a skilled magician who aims at the coin’s coming up
heads, the probability that the coin comes up heads may be quite high. If the coin
is tossed by an average person, the probability may be 1/2.

To repeat, in this book we address only objective probabilities so conceived
and we often make certain assumptions about these probabilities which imply that
observed frequencies can provide evidence about objective probabilities.

2.11 QUESTIONS

1. Given an opaque bowl containing six all blue balls, seven all red balls, and
nothing else, if a ball is withdrawn at random, what is the probability that the
ball is blue?

2. True or False: For any event A, we have P (not A) = 1 − P (A)?

3. If the events A and B are independent, what is P (A&B)?

4. True or False: For any events A and B , we have P (A or B) = P (A) + P (B).
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5. True or False: For any events A and B , P (A and B) < P(A)

6. Why is it true that the number of ways of selecting r items from a set of n
items is nCr = n!

r!(n−r)! ?

7. Suppose that the probability of drawing a white ball from a bowl containing
only black and white balls is w/(w + b), where w is the number of white balls
and b is the number of black balls. What is the probability of drawing a black
ball? What is the probability of drawing either a white ball or a black ball?
What is the probability of drawing a ball that is neither a white ball nor a black
ball? Show that the probability of drawing a white ball is equal to or greater
than zero and less than or equal to one.

8. Given the same suppositions as in the previous question, suppose also that the
balls come in two shapes, round and egg-shaped, where the number of round
balls is r and the number of egg-shaped balls is e (where w + b = r + e).
What is the probability that a randomly drawn ball will be either white or
egg-shaped? Explain.

9. What is the difference between drawing with replacement and drawing without
replacement? Does this difference affect the probabilities in any way? Explain.

10. Using the suppositions in question 3, suppose also that a ball is randomly
drawn and then replaced, then again a ball is randomly drawn and replaced.
What is the probability that the same ball is drawn both times? What is the
probability that the two balls have the same features (color and shape)? What
is the probability that the two balls share one but only one feature?

11. True or False: If we toss an unbiased coin (50% heads and 50% tails) 100
times, then by the Law of Large Numbers we will have exactly 50 heads and
50 tails.

12. True or False: if a fair coin is tossed infinitely many times, each time with
a probability of 0.5 for getting heads and 0.5 for getting tails, the probability
that heads will come up every time HHHH. . . is less than the probability that
heads and tails will alternate for ever HTHTHT. . ..

13. True or False: Depending on the circumstances, the subjective probability of
an event can be less than, equal to, or greater than its statistical probability.

2.12 REFERENCES

The word “probability” is used to describe several distinct, though related, ideas such as
degree of belief and chance. Much of the early interest in formalizing probability arose
largely from a desire to understand so-called “games of chance,” where the outcome of the
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game was determined to some extent by events deemed to be random, such as the roll of
a die or the flip of a coin. Perhaps the earliest work in this regard was that of Cardano
in the 1500s. A more rigorous and formal treatment was initiated through correspondences
between the French mathematicians Pascal and Fermat in the 1600s. Their work is generally
considered the beginning of the mathematical theory of probability, and was the prevailing
view of probability among mathematicians until the twentieth century, with contributions
from such luminaries as Huygens, Bernoulli, de Moivre, Laplace, Gauss, and others.

In the 1930s, the relative frequency view of probability emerged, largely through the
work of Von Mises and Fisher. At about the same time as the relative frequency view was
emerging, an axiomatic approach was being developed that gave shape to the widely accepted
form of the current probability theory. This axiomatic approach was due in large part to the
efforts of Kolmogorov. The classical view of probability is subsumed as a very special case,
and the relative frequency approach is reconciled via results we briefly mentioned known
as the “Laws of Large Numbers.”

There are many good books on probability theory. Everitt (1999) is a nice “guide.” Feller
(1968) is a classic. Hacking (1965) is a philosophically useful guide. Hacking (1984) is a
historical account. Rabinowitz (2004); Bertsekas and Tsitsiklis (2008), and Tijms (2007),
and Ross (2009) are some fairly recent books at different levels.
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Ross SM. A first course in probability. 8th ed. Upper Saddle River, NJ: Prentice-Hall; 2009.

Tijms H. Understanding probability: chance rules in everyday life. Cambridge: Cambridge
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C H A P T E R 3

Probability Densities

In Chapter 2, we explained some of the elementary mathematics of probability in
the discrete setting, in which the number of outcomes of an experiment is finite.
In this chapter, we discuss some of the basics of probability in the case where the
outcomes take values in a continuum.

3.1 AN EXAMPLE IN TWO DIMENSIONS

Alice shoots at a target. Let us suppose that her bullet can hit any point on the
target (imagine that her bullet is infinitesimally small). Perhaps the probability that
she will hit a point within 1 inch of the center of the target is 0.5 and the probability
that she will hit a point within 2 inches of the center is 0.9.

The probability that Alice will hit the exact center of the target is 0, and it is
so also for any other point on the target. But there is a sense in which she is more
likely to hit the center point than some particular point further out. We can capture
this sense in terms of a probability density over the plane R2 (Figure. 3.1).

To explain this idea of probability density precisely, we start with the
1-dimensional case and then return to higher dimensions in Section 3.4.

3.2 RANDOM NUMBERS IN [0,1]

What does it mean to select a random number from the interval [0,1] with all
the numbers being equally likely? What is the probability of selecting a particular
number, say 0.5?

If all the numbers are equally likely, then the probability of selecting 0.5 is the
same as the probability of selecting 0.75 or π − 3. But since each of these outcomes
is mutually exclusive, then the probability of each must be 0. Otherwise, since there
are infinitely many points in the interval [0,1], we would get a contradiction. That

An Elementary Introduction to Statistical Learning Theory, First Edition.
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Figure 3.1 Probability density of hitting a point on a target.

is, suppose that the probability of selecting each point is some value p > 0. Then,
if a1 and a2 are two distinct points in [0,1], then P (a1 or a2) = 2p. Likewise, if
a1, . . . , aN are N distinct points in [0,1], then P (∪N

i=1ai) = Np. But for a large
enough N , we have Np > 1, while probabilities are required to be between 0 and 1.

So, the probability of selecting any particular number is 0 yet the probability of
selecting some number in [0,1] is 1.

Now consider the case where with a probability of 1/3, we get a random number
between 0 and 1/2 with all the numbers in the interval [0,1/2] being equally likely.
With a probability of 2/3, we get a number between 1/2 and 1, with all the numbers
in the interval (1/2,1] also being equally likely.

Using an argument similar to above, the probability of observing any particular
number is 0. So in what sense are the numbers in the interval (1/2,1] twice as likely
as those in the interval [0,1/2]? To answer this question, it makes more sense to
consider the probability of sets of points rather than the probability of seeing an
individual point. One way to do this is to use density functions, which we describe
in the next section.

3.3 DENSITY FUNCTIONS

A very useful way to work with probabilities in the continuous case is to use density
functions . A function p(x ) that is non-negative and with area under p(x ) equal to
1 is a valid density function. Strictly speaking, we need p(x ) to satisfy another
rather technical condition called measurability . We briefly discuss the notion of
measurable sets and measurable functions in the appendix, but a detailed discussion
is beyond the scope of this book. We assume that all the functions and sets we deal
with are measurable.

Given a density function p(x ), the probability of an interval A is given by the
area under the function p(x ) over the interval A. This applies to more general sets
as well. That is to say, for a general (measurable) set A, the probability of A,
denoted P(A), is just the area under p(x ) over A. In calculus, this is called the
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A

P(A) =  ∫A p(x)dx

p(x)

Figure 3.2 Density and probability.

integral of p(x ) over A and is written as

P (A) =
∫

A

p(x) dx. (3.1)

This is depicted in Figure 3.2.
With this notation, the two conditions required for a (measurable) function p(x )

to be a valid density function are

p(x) ≥ 0 for all x (3.2)

and ∫
R

p(x) dx = 1. (3.3)

The first condition guarantees that P (A) ≥ 0 for any set A. The second condition
guarantees that the probability of the whole real line (i.e., the probability of selecting
some real number) is 1. The two conditions together ensure that for any set A, we
have 0 ≤ P (A) ≤ 1 as required for the probability of a set.

Returning to the examples discussed in Section 3.2, consider the case where a
number is selected from the interval [0,1] with all the numbers being equally likely.
What this means is that given any small interval contained in [0,1], the probability
of the interval is the same regardless of the exact position. This can be represented
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with the density function

p1(x) =
{

1 0 ≤ x ≤ 1

0 otherwise.

In the second example, with a probability of 1/3 we get a number between 0
and 1/2, and with a probability of 2/3 we get a number between 1/2 and 1. In each
half interval, all the numbers are equally likely. This can be represented by the
density function

p2(x) =

⎧⎪⎨
⎪⎩

2/3 0 ≤ x ≤ 1/2

4/3 1/2 < x ≤ 1

0 otherwise.

These two density functions are shown in Figure 3.3. Note that the value of the
density function at the points of discontinuity are not important. That is, for p1(x),
we could have taken p1(0) = p1(1) = 0, and likewise for p2(x). And we could
have taken p2(1/2) = 4/3. Actually, even other values would not have changed
things. The value of a density at any finite number of points is not important, since
this does not change the integral (area under p(x )) over any set A, and so does not
change the probability p(A).

The value p(x ) does not represent the probability of the point x . As we have
already mentioned, in the continuous case the probability of any individual point
is generally zero, while for many points we may have p(x) > 0. Also, p(x ) can
take on values greater than 1.

For an interpretation of p(x ), roughly we can think of the “probability mass”
as being spread out over the real line with p(x ) representing how concentrated the
mass is at x . More precisely, let B(x, ε) denote the interval (x − ε, x + ε). An
approximation to the density at x is given by P (B(x, ε))/(2ε). As we let ε get
smaller, we get better approximations to p(x ). In this limit, we get

p(x) = lim
ε→0

P (B(x, ε))

2ε
. (3.4)

1

1
x

p2(x)p1(x)

Figure 3.3 More density and probability.
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3.4 PROBABILITY DENSITIES IN HIGHER DIMENSIONS

Returning to the 2-dimensional case of Alice shooting at a target, let p(x) denote a
probability density function that captures where on the target Alice’s shot is likely
to fall. As in 1-dimension, p(x) needs to satisfy the conditions

p(x) ≥ 0 for all x (3.5)

and ∫
R2

p(x) dx = 1. (3.6)

Given a density function p(x), the probability P(S ) that Alice’s shot falls in a
certain area S on the target is given by

P (S) =
∫

S

p(x) dx. (3.7)

The interpretation of p(x) as a density is also similar to the 1-dimensional case.
That is to say, fix a point x on the target and let B(x, ε) denote the ball of radius ε

with x at its center. We calculate the probability P (B(x, ε)) that Alice’s shot will
hit somewhere in the ball, and then divide that probability by the area of the ball,
which is given by area(B(x, ε)) = πε2. Then, as in the one-dimensional case, the
probability density p(x) at the point x equals

lim
ε→0

P (B(x, ε))

area(B(x, ε))
. (3.8)

Likewise, we can consider probability density functions in Rd as well. The devel-
opment is completely analogous to the 2-dimensional case. In particular, Equations
(3.5), (3.6), (3.7), and (3.8) hold with the only change being that R2 is replaced with
Rd , and that the area of the ball B(x, ε) is replaced with the volume of the ball.

3.5 JOINT AND CONDITIONAL DENSITIES

If we are interested in two random variables x and y , then a joint probability
density function p(x,y) describes the joint behavior of the two variables. To be a
valid joint density function, p(x,y) needs to satisfy the conditions

p(x, y) ≥ 0 for all x, y (3.9)

and ∫∫
p(x, y) dx dy = 1. (3.10)

as we would expect.
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As with probabilities, we can consider conditional densities. The conditional
density of x , given y , denoted p(x|y), is given by

p(x|y) = p(x, y)

p(y)
(3.11)

whenever p(y) > 0.

3.6 EXPECTED VALUE AND VARIANCE

As in the discrete case, the mean (or average) of a random variable in the continuous
case is an important quantity. The term expected value is used in both cases. Also,
the expected value can be defined for a random variable that takes values in a
higher dimensional space.

If p(x) is a probability density function for a random variable X that takes
values in Rd , then the expected value of X is defined as

E[X] =
∫

Rd

x p(x) dx. (3.12)

Equation (3.12) is analogous to the computation in the discrete case. In the
discrete case, as we see from Equation 2.2, the expected value is computed by
multiplying the possible values that can arise by the corresponding probability and
adding these up. Equation (3.12) reflects the natural extension to the continuous
case in which the probability is replaced by the probability density function and
the sum is replaced by the integral. Of course, if X takes on values in Rd then
E[X] is also an element of Rd .

Likewise, the notion of the variance of X can also be naturally extended to the
continuous case. But the extension to higher dimensions (for both the discrete and
continuous cases) is a little more involved. In the scalar case for which d = 1 so
that X takes on values in R, the variance, denoted by σ 2, is again defined as

σ 2 = E[(X − μ)2] = E[X2] − μ2.

But now, the expectations are written in terms of integrals involving p(x ), that is,

σ 2 =
∫

R
(x − μ)2p(x) dx =

∫
R

x2p(x) dx − μ2.

In higher dimensions, the extension of the variance is actually a d × d matrix
called the covariance matrix . The reason we need this is that for x ∈ Rd , it is
not clear how to take the square of x. If the vector x is written in terms of its
components as x = (x1, . . . , xd), then the density p(x) can be thought of as a joint
density in terms of the scalars x1, . . . , xd . If we think of x as a column vector,
and let xT denote the transpose of x, namely x as a row vector, then the product
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x xT is a d × d matrix whose (i, j ) entry is xixj . Likewise, if μ = E[X] denotes
the expected value of X, then μ ∈ Rd and μμT is a d × d matrix. The covariance
matrix of X, denoted �, is defined as

� = E[(X − μ)(X − μT ] = E[X X
T

] − μμT .

The diagonal elements of � correspond to the variance of the respective com-
ponents of X, that is, the (i, i) entry of � is equal to the variance of the i -th
component of X.

3.7 LAWS OF LARGE NUMBERS

Consider the experiment of drawing black and white balls from a bowl that we
discussed in Chapter 2. Suppose we do not know the probability of choosing a
black ball (i.e., the fraction of black balls), and we wish to use data to estimate
this probability.

We might try drawing many balls with replacement and estimate the unknown
probability by the fraction of black balls that we observe among all the balls we
draw. As we draw more and more balls, the probability that the observed frequency
of black balls is exactly the same as the fraction of balls in the bowl that are black
goes down. But the probability that the observed frequency is approximately the
same as that fraction goes up in the following sense.

Consider a hypothesis H that the observed frequency of black balls drawn from
the bowl differs from the actual proportion of black balls in the bowl by less than
some small number, ε. As we draw more and more balls, with replacement, the
probability of any such hypothesis H increases and approaches 1 in the limit.

More precisely, we can define a random variable X so that X = 1 if an event
of interest occurs and X = 0 otherwise. Suppose p is the probability of the event
of interest. For example, the event might be “we observe a black ball,” in which
case p denotes the probability of observing a black ball. Suppose we run the
experiment many times, and denote the random variable by X1 the first time we
run the experiment and by X2 the second time we run the experiment, and so on.
We assume that the random variables X1, X2, . . . are independent.

If we run the experiment n times, then the number of times the event occurs is
X1 + X2 + · · · + Xn. Let p̂n denote the estimate using these n observations of the
probability p that the event occurs. That is,

p̂ = X1 + X2 + · · · + Xn

n
.

It can be shown that as we get more and more observations, the estimate p̂n

converges to p in various ways. For example, given any ε > 0, it can be shown that

Prob{|p̂n − p|>ε} → 0 as n → ∞.
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This is a special case of estimating the expected value of a random variable
by averaging a number of independent observations. Specifically, suppose X is a
real-valued random variable and let μ = E[X] denote the expected value of X . For
example, X might be the outcome of rolling a weighted die, and we might try to
estimate μ by simply averaging a number of independent observations. That is, we
roll the die many times and take the average of the outcomes as an estimate for μ.
That is to say, our estimate μ̂n after n observations is given by

μ̂n = X1 + X2 + · · · + Xn

n
.

It can be shown that for any ε > 0 we have

Prob{|μ̂n − μ|>ε} → 0 as n → ∞.

These results are known as the Weak Law of Large Numbers, and a stronger
statement can be made called the Strong Law of Large Numbers. Furthermore, it
is possible to get results bounding various probabilities or on rates of convergence.
Details are available in many probability and statistics textbooks (e.g., Feller, 1968,
pp. 228–247).

3.8 SUMMARY

In this chapter, we reviewed some basic tools of probability in the continuous case.
A probability density function captures the likelihood of occurrence of different
values of the underlying random variable. A density function p(x) must be non-
negative and have the total area under the function equal to 1. The probability that
the outcome belongs to a set A is given by area under the p(x) over the set A. The
value p(x) can be obtained by dividing the probability of a small ball centered at
x by the volume of the ball and taking the limit as the radius of the ball tends to
zero. We discussed the notion of joint densities and conditional densities when two
or more random variables are involved. The notion of expected value of a random
variable extends naturally to the continuous case where a sum is replaced with an
integral involving the probability density. The notion of variance extends naturally
in the 1-dimensional case (i.e., a scalar-valued random variable), but in the higher
dimensional case, the extension of variance gives rise to the covariance matrix.
Finally, we ended with a brief discussion of laws of large numbers which hold for
both continuous and discrete random variables.

3.9 APPENDIX: MEASURABILITY

A technical but fundamentally very important notion that we mentioned but did not
discuss is measurability. A detailed discussion is beyond the scope of this book,
but in this appendix, we briefly discuss this idea.
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Consider subsets of the real line. Given a particular subset A, a natural question
is how large is A? If A is an interval, a natural measure of the size of A is its
length. So, if A is the interval [0,1], its size is 1, while if A is the interval [−1,2.5],
then the size of A is 3.5. Note that the size of a single point is 0, so that it does not
matter whether we consider open or closed intervals in the examples above. That
is, the intervals (−1,2.5), (−1,2.5], and [−1,2.5) also have size 3.5. If A consists
of a finite union of intervals, then the size of A is just the sum of the sizes of the
intervals comprising A.

But what about more complicated subsets? For example, suppose we restrict
ourselves to subsets of [0,1]. What is the size of the rational numbers in [0,1]?
What about the irrational numbers in [0,1]? Making this notion of size precise for
general subsets is more difficult and subtle than it might first appear, and measure
theory provides one approach.

It turns out that if we insist on some natural properties that our notion of size
should satisfy, then there is no consistent way to assign a size to every subset.
However, if we restrict attention to a reasonable collection of subsets, then we
can assign a size (or measure) to each subset in a consistent way that satisfies the
natural properties. This collection of subsets for which we can assign a size are
called the measurable sets.

The collection of sets S to which a measure will be assigned is required to be
what is called a σ -algebra. S is said to be a σ -algebra if S is nonempty and is
closed under complements and countable unions. These last two conditions mean
that if A ∈ S then Ac ∈ S, and if Ai ∈ S for i = 1, 2, . . . then ∪∞

i=1Ai ∈ S. (Ac is
the complement of A, the set of points not in A.)

Once we have a σ -algebra S, a measure μ is a function that assigns a real
number or infinity to each member of S that satisfies the following properties:
non-negativity, zero measure for the empty set, and countable additivity. Mathe-
matically, these conditions are, respectively: μ(A) ≥ 0 for every A ∈ S; μ(φ) = 0,
where φ is the empty set; and if Ai ∈ S for i = 1, 2, . . ., then μ(∪∞

i=1Ai) =∑∞
i=1 μ(Ai).
At first it is not clear why we cannot assign a size (measure) in a meaningful way

to every set. For example, suppose we think about Alice throwing (infinitesimally
small) darts at a dart board in the shape of the unit square with each point equally
likely. Given any subset A of the unit square, Alice’s dart either lands in A or not.
The measure of A is just the probability that the dart lands in A.

However, a rather forceful counterargument came in 1905 when Vitali con-
structed a nonmeasurable set. That is, he constructed a set that under seemingly
natural assumptions required for a measure of the size of sets together with the
Axiom of Choice leads to a contradiction. This suggests the need to restrict the
measure to a suitable collection of subsets (e.g., a σ -algebra S). Another very strik-
ing result that illustrates the complexities of defining measure is the Banach–Tarski
paradox. In 1924, they showed that a ball in 3 dimensions can be decomposed into
a finite number of pieces that can be moved, rotated, and fitted back together to
produce two balls identical to the original! This result is sometimes informally
described by saying “a pea can be chopped up and reassembled into the sun.”
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Resolving these types of problems requires us to abandon some of the properties
we naturally expect of a measure, alter the axioms of Zermelo–Fraenkel set theory,
or accept that there are nonmeasurable sets. The standard approach is to take the
last option.

3.10 QUESTIONS

1. True or false: A probability density can take on values greater than 1.

2. True or false: A probability density can take on values less than 0.

3. Given the probability density function f (x ), what is the expression for P (a ≤
x ≤ b) (that is, the probability that x takes a value in the range [a,b])?

4. If p1(x) and p2(x) are two probability density functions, consider the function
pλ(x) = λp1(x) + (1 − λ)p2(x).

(a) Is it true that pλ(x) is a valid density function for any λ ∈ [0, 1]? Why or
why not?

(b) What about for λ /∈ [0, 1]? Why or why not?

5. Consider the function defined by

p(x) =
{

2 − 2x 0 ≤ x < 1

0 otherwise.

(a) Sketch p(x ).

(b) Is p(x ) a valid probability density function? Why or why not?

(c) What is the probability that x ≥ 1/2?

(d) What is the probability that x = 1/2?

(e) For very small ε, what is the probability that x is within ε of 1/2?

6. If the probability that Alice hits any given point on the target is the same as
the probability that she hits any other given point, does that imply that she is
as likely to hit a point within 1 inch of the center as she is to hit a point within
a 1-inch circle further away from the center? Explain.

3.11 REFERENCES
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The Pattern Recognition Problem

Armed with some tools from probability that we discussed in the previous chapters,
we can now begin discussing a statistical formulation and related results for learning
and pattern recognition. These methods are widely used and have been extremely
successful in many applications.

The problem we describe in this chapter is the two-class pattern recognition
problem. This problem contains most of the essential features useful in a wide range
of applications and for a rich and useful theory. This formulation is used throughout
the book, except in Chapters 14 and 15, where we consider the estimation problem.

4.1 A SIMPLE EXAMPLE

Consider the following simple example of a pattern recognition problem. Suppose
we have parts going along an assembly line and we wish to design an automatic
inspection system. Some of the parts may be defective, while others are properly
manufactured. Instead of having a person watch and inspect the items as they go
by, we prefer a system that will automatically classify the items as either “good”
(properly manufactured) or “bad” (defective). We use the label “1” for good objects
and “0” for bad objects.

If we have no other information and no criteria, there is not much we can do
besides random guessing. The approach taken in statistical pattern recognition is to
assume that we first observe some features of each object that we wish to classify,
perhaps color, length, width, color, and weight. We then use the observed values of
the features to help in classifying the object. Moreover, it is assumed that we have
a probabilistic model for the objects and the relationship between the measured
features and the object class.

For example, in the inspection problem, suppose we know that bad items/
parts occur with some probability P(0) and good parts occur with probability
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P (1) = 1 − P (0). Also, suppose we measure a feature that can take on one of six
values v1, v2, . . . , v6. The probabilistic model tells us not only how often good
and bad parts occur but also the probability of observing each feature value for
both good and bad parts. These probabilities are denoted by P (v|0) and P (v|1),
and are conditional distributions for the feature value, given the class of the object.

We should expect that certain feature values are more likely if the part is bad,
and other feature values are more likely if the part is good. We certainly expect
that the distributions P (v|0) and P (v|1) are not the same. Otherwise, observing the
feature would not be very helpful in trying to classify the object as good or bad.

Some immediate questions that arise are “How do we design good classification
(or decision) rules?,” “How should we measure the performance of a rule,” and
“How do we even formalize the notion of ‘decision rule’?”

4.2 DECISION RULES

Once we observe the values of an object’s features, we make a guess as to the class
to which the object belongs. For example, in the inspection problem, if we observe
the value v1 for the feature, we may guess that the item is defective (belongs to
class 0), and if we observe any other value, then we might guess that the object is
good (belongs to class 1). This is one possible decision rule (or classification rule,
or classifier).

Many other decision rules are possible. A very simple rule is to guess that the
object always belongs to class 1 (i.e., is good). Another rule might be to guess that
the object belongs to class 1 if the observed feature value is larger than some fixed
number and that it belongs to class 0 otherwise.

In general, we observe several features of an object, say d features in all, and
our observation is represented by a feature vector x = (x1, x2, . . . , xd). Here x1

represents the measured value of the first feature, x2 represents the measured value
of the second feature, and so on up to xd . A decision rule is really just a map that
assigns either 0 or 1 to each possible feature vector.

If � denotes the set of all possible feature vectors, then a decision rule c maps
� to {0, 1}, that is, c : � → {0, 1}. Also, any such map corresponds to a decision
rule, where c(x) indicates the decision when feature vector x is observed.

Equivalently, we can think of a decision rule as a partition of � into two sets
�0 and �1. Upon observing any feature vector in �, we must decide either 0 or
1. �0 consists of precisely those feature vectors for which we decide 0, and likewise
�1 consists of those feature vectors for which we decide 1. That is, we decide 0
if x ∈ �0 and we decide 1 if x ∈ �1.

In most of this book, we consider the case where features take on real values
and so the feature vector x = (x1, x2, . . . , xd) is an element of Rd , where d is the
number of features. In many cases, only certain values might be allowed so that
there are only finitely many possible feature vectors x. In other cases, we might
think of each of the features xi as being allowed to take on any real value. In this
case, � = Rd , and a decision rule is a partition of this d -dimensional Euclidean
space. See Figure 4.1 for a partition in R2.
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Ω1

Ω0

Figure 4.1 A decision partition in R2.

But, in other cases, we might have only finitely many possible feature values. Or
we might have categorical features that are not naturally thought of as real values.
In this case, � might be something other than Rd , and might even be a finite set.

Another way to think about a decision rule is as a subset of �. If we know all
the feature vectors for which we decide 1, then the rest must be those for which
we decide 0 (since there are just two classes and we are assuming that we make a
decision for all observations). So indicating that the portion of � that gets mapped
to 1 completely defines a decision rule. Therefore, in the two-class case, the set
of all decision rules can also be identified with the set of all subsets of �. This is
called the “power set” of �.

The power set of � (and hence the set of all possible decision rules) is typically
extremely rich. Even if � is finite with modest cardinality, the power set is huge.
For example, if there are only 100 possible feature vectors, then there are 2100

(which is more than 1030) possible decision rules! In some applications, there may
be thousands or millions of possible feature vectors, and as we said before, in many
cases we think of the features as taking on a continuous range of values so that
the feature space is uncountably infinite.1

For the case where the features take on a continuous range of values, we often
take � = Rd or some appropriate subset of Rd . In this case, for various techni-
cal/mathematical reasons, we do not consider the set of all possible subsets of
Rd as potential decision rules. Instead, we restrict decision rules to be a special
type of subset called a measurable set. This set is extremely rich and includes all
sets normally found in practice, but the collection of measurable sets is not the
power set of Rd . In Section 3.9, we briefly discussed the notion of measurability.
However, these issues are outside the scope of this book, and we assume that all
sets and functions we deal with are measurable.

1The appendix to this chapter explains the meaning of “uncountably infinite.”
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4.3 SUCCESS CRITERION

Out of the enormous collection of all possible decision rules, we would like to select
one that performs well. But first we need to specify what we mean by “performs
well.” That is, we need to specify how we measure the performance of a decision
rule c.

First, notice that since we have assumed a probabilistic model for the objects and
the connection between the observed features and the classification of the object,
in general, no decision rule can always be right.

In light of the probabilistic model, one natural success criterion is the probability
that we make a correct decision. We would like this probability to be as large as
possible. Equivalently, we would like the probability of an incorrect classification
(called the probability of error) to be as small as possible.

To proceed further, we would like an expression for the probability of error of
a decision rule c. There are two ways in which the decision rule c can make an
error: (i) the true class of the object is 0 but c classifies the object as 1 or (ii) the
true class of the object is 1 but c classifies the object as 0.

Consider case (i). The probability that the object belongs to class 0 is just the
prior probability P (0). Given that the object belongs to class 0, we will make an
error if and only if the observed feature vector belongs to �1, since this will mean
that our decision is 1. This conditional probability can be written as P (�1|0). The
probability that event (i) happens is then P (0)P (�1|0).

Similarly, for case (ii), the probability that the object belongs to class 1 is P (1),
and given that the object belongs to class 1, we make an error if and only if the
observed feature vector belongs to �0. Then, the probability that event (ii) happens
is P (1)P (�0|1).

Since events (i) and (ii) are mutually exclusive, the probability of error of a rule
c can be written as

Probability of error of c = P (0)P (�1|0) + P (1)P (�0|1).

4.4 THE BEST CLASSIFIER: BAYES DECISION RULE

We are now in a position to discuss the best decision rule. Recall the model so far.
There are two classes 0 and 1 with prior probabilities P (0) and P (1). The observed
feature values of the object are related to the class of the object through conditional
probabilities P (x|0) and P (x|1). We observe a feature vector x and will decide
either 0 or 1. We need a decision rule that minimizes the probability of error.

For now, we are assuming that we know P (0), P (1), P (x|0), and P (x|1)

exactly. With this knowledge, the problem is really one of statistical decision
theory rather than learning. That is, we are assuming everything about the model
for the environment is known and we simply want to understand how to use this
knowledge. This will give us a benchmark or target for what we might try to
achieve if the distributions are not known and instead have to be learned from data.
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First, consider a very simple case in which we do not observe any features of
the object at all. In this case, the only information we have on which to base a
decision are the prior probabilities P (0) and P (1). What class should we decide?
If we want to minimize the probability of error, then no matter what object we see,
our best guess is simply to always decide the class with higher prior probability.
If P (0) >P (1), then we should always guess that an object comes from class 0,
while if P (1) >P (0), then we should always guess that an object comes from
class 1. With this decision rule, the probability that we make a correct decision
is max(P (0), P (1)) and the probability of error is min(P (0), P (1)). Notice that
if P (0) = P (1) = 1/2, the probability of error is 1/2, as is the probability of a
correct decision. This is to be expected, since in this case we have no advantage
over random guessing, so it does not matter what we decide.

Now, let us consider what to do if we observe a feature vector. If we were able to
get conditional probabilities for the two classes given the observed feature vector,
our decision would be easy. That is, if we knew P (0|x) and P (1|x), we would be
in a situation similar to the featureless case. The best decision would simply be
to choose the class with larger conditional probability, that is to say, decide 0 if
P (0|x) >P (1|x) and decide 1 if P (1|x) >P (0|x). If P (0|x) = P (1|x), then they
must both equal 1/2 and it does not matter what we decide.

The problem is to obtain P (0|x) and P (1|x). We have assumed that we know
the prior probabilities P (0) and P (1) and we also know the conditional proba-
bilities P (x|1) and P (x|0). Using these, we need to get the reverse conditional
probabilities. A result from probability known as Bayes theorem is exactly what
we need. We discuss this in Chapter 5.

4.5 CONTINUOUS FEATURES AND DENSITIES

As we mentioned previously, in many cases the features comprising the vector x

are thought of as taking on a continuous range of values. Typically, each feature
(each component of x) is assumed to be a real-valued number. The feature vector
is then a real-valued vector again taking on a continuum of values.

In such cases, instead of talking about the conditional probabilities P (x|0) and
P (x|1), we need to allow conditional densities p(x|0) and p(x|1). These are just
like the densities discussed in Chapter 3, but we have one for each class. Depending
on whether the true object comes from class 0 or class 1, the feature vector x will be
drawn according to the density p(x|0) or p(x|1), respectively. If the object belongs
to class 0, then the probability that the feature vector x falls in some volume V is
given by

P (x ∈ V |0) =
∫

V

p(z|0) dz

as we would expect from our previous discussions of probability densities. The
variable z is just a dummy variable of integration.

Although the feature vector takes on a continuum of values (necessitating the use
of densities instead of probabilities), we still have only two classes 0 and 1. Thus,
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we still use prior probabilities P (0) and P (1) for the two classes. Furthermore,
after observing the feature vector x, we still have only two classes, so we can still
talk about the conditional probabilities P (0|x) and P (1|x) as well. There is only a
slight difference in how these conditional probabilities are computed, as we discuss
in Chapter 5.

4.6 SUMMARY

In this chapter we discussed a probabilistic formulation for the pattern recognition
problem. We assume that there are prior probabilities for the two classes and
conditional probabilities for the feature vector, given each of the two classes. Under
these distributions, we can compute the probability of error for any decision rule.
We seek decision rules that minimize the probability of error. We suggested that the
best decision rule is one that chooses the class with the larger posterior probability,
given the observed feature vector. However, we did not discuss how to compute
these posterior probabilities. This is done in the Chapter 5 along with a discussion of
a useful result from probability called Bayes theorem . Finally, we ended the chapter
with a discussion of the case in which the feature vector takes on a continuum
of values (rather than a discrete set of values). In this case, the main difference
is that conditional densities are used in the formulation instead of conditional
probabilities.

4.7 APPENDIX: UNCOUNTABLY MANY

Natural numbers are potentially used to count things: 1, 2, 3, . . . , n, . . . . There are
infinitely many of these natural numbers, because for any finite natural number n ,
there is a larger number n + 1.

We can say that there are countably many members of a set F if each element
of F can be assigned a unique natural number starting with 1 and continuing in
order. Such an assignment provides an enumeration of F . If there is a greatest
natural number n to which a member of F is assigned, then there are finitely many
Fs and the number of Fs is n . If there is no such greatest number n , so that there
are infinitely many Fs, but each element of F is assigned a unique natural number,
then we say that F is countably infinite or countable for short.

Such a mapping of the elements of F to the natural numbers is equivalent to
an ordering of all the members of the set, since the “order” will be given by the
member that gets mapped to 1, then the member that gets mapped to 2, then to 3,
etc. Clearly, by this definition, the natural numbers themselves are countable. So
are the even numbers, because they can be put in the order 2, 4, 6, . . . and then
associated with the natural numbers in the order 1, 2, 3, . . . .

The set of all integers . . . , −3, −2, −1, 0, +1, +2, +3, . . . is countable because
they can be ordered as follows: 0, +1, −1, +2, −2, +3, −3, · · · and then can be
associated with the natural numbers in order, 0 with 1, +1 with 2, −1 with 3, etc.
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Another example is the set of rational numbers. A rational number is a fraction
with an integer numerator and a positive integer denominator: m

n
. Examples include

1
3 , −9

7 , and 2
4 . Any fraction is or has a unique reduction to a fraction in which the

numerator and denominator have no common divisor greater than 1. For example,
the fraction 2

4 can be reduced to 1
2 .

Between any two different rational numbers there is always another rational
number, so we cannot say that one rational number is right next to another. Never-
theless, the rational numbers between 0 and 1 are countable, because we can order
them using their unique reductions in a way that allows them to be mapped in a
one-to-one manner onto the natural numbers: ( 1

2 , 1
3 , 2

3 , 1
4 , 3

4 , 1
5 , · · ·).

A set is said to have uncountably many members if each element of F can be
distinguished from every other and there are not countably many members of F .
In this case, we say that the set F is uncountably infinite, or uncountable for short.
Table 4.1.

Table 4.1 Diagonal Construction

String 1: 0 1 0 1 0 1 0 . . .

String 2: 1 1 0 1 1 0 1 . . .

String 3: 1 1 1 1 0 0 0 . . .

String 4: 0 0 1 0 0 0 0 . . .

String 5: 1 0 1 0 1 1 0 . . .

String 6: 1 1 1 1 1 0 1 . . .

String 7: 0 0 0 1 1 1 1 . . .

..

.
..
.

..

.
..
.

..

.
..
.

..

.
..
.

. . .

New string: 1 0 0 1 0 1 0 . . .

For example, there are uncountably many infinite strings of 0s and 1s. This can
be shown through a diagonal argument . Given any enumeration of infinite strings
of 0s and 1s, a new string can be found that is not included in the enumeration. This
new string begins with 0 if the first string in the enumeration begins with 1 and
begins with 1 if the first string in the enumeration begins with 0. The second item
in the new string is 0 if the second item in the second string in the enumeration
is 1 and vice versa. More generally, the nth item in the new string is 0 if the nth
item in the nth string in the enumeration is 1, and otherwise the nth item in the
new string is 1. For any n , the new string differs from the nth string at the nth
place. So the new string cannot be included in the enumeration.

A similar diagonal argument can be used to show that the set of real numbers
is uncountable, because any real number can be represented by an infinite decimal
expansion.

4.8 QUESTIONS

1. What is a decision rule? If there are 10 possible feature vectors, how many
possible decision rules are there?
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2. What are the advantages of choosing/using more features and what are the
disadvantages?

3. If the problem is to classify an email as spam or not spam, what features might
you consider?

4. (a) As discussed in Chapter 1, a very common choice for object representation
is a vector of real numbers. In some cases, the entries of the vector take on a
discrete set (i.e., finite number) of values. Describe a situation in which having
a discrete set of values is natural. (b) In implementing algorithms on a digital
computer, inevitably we must eventually work only with discrete values. If so,
why do we consider models in which the features are allowed to take on all real
values?

5. Define what is meant by the probability of error of a decision rule. For any
particular learning problem, what is the smallest probability of error of a decision
rule? Is the best decision rule the one with the smallest probability of error?

6. If �0 and �1 are the subsets for which a decision rule c decides 0 and 1,
respectively, write the expression for the average error rate of c?

7. In formulating the pattern recognition problem, we consider only the probability
of error as our criterion for success. In some cases, this is not such an appropriate
criterion since certain errors may be more costly than others. Describe one such
situation, and suggest how one might modify the success criterion to address
this issue.

8. Assuming that a decision rule for a pattern recognition problem is as follows:
decide 1 (with cost $10 for a wrong answer) when 0 ≤ x ≤ 1, and decide 0
(with cost $5 for a wrong answer) when 1 < x ≤ 2 and the feature space is
[0,2], with no cost for a right answer. What is the expression (in terms of
P (0), P (1), p(x|0) and p(x|1)) for the average cost of that rule?

9. Are there uncountably many rational numbers?
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C H A P T E R 5

The Optimal Bayes Decision Rule

In the previous chapter, we formulated the following pattern recognition problem.
There are two classes 0 and 1 with prior probabilities P(0) and P(1). We observe
a vector of features x of the object that is related to the class of the object through
conditional probabilities P (x|0) and P (x|1) (in the case of discrete-valued features)
or conditional densities p(x|0) and p(x|1) (in case of continuous-valued features).
We wish to decide whether the object belongs to class 0 or class 1, and we would
like a decision rule that minimizes the probability of error.

With no observations, the obvious way to minimize the probability of error is to
choose the class with larger prior probability. Now we would like to find out how
to incorporate the fact that we get to observe the feature vector x. A natural idea
is to try to compute the conditional probabilities of the classes, given that we have
observed the feature vector x, namely P (0|x) and P (1|x). These give our “updated”
assessment of the probability that the unknown object belongs to each of the two
classes after observing the feature vector x. If we had these probabilities, then the
obvious way to try to minimize the probability of error would be to decide the
class with larger conditional probability. But how can we compute the conditional
probabilities that we need?

5.1 BAYES THEOREM

Recall the notion of the conditional probability of an event (Chapter 2). If A and
B are two events with P (A) > 0, then the conditional probability of B given A,
denoted by P (B|A), is defined as

P (B|A) = P (B&A)

P (A)
. (5.1)

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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P (B|A) measures how often the event B is likely to occur when we restrict
attention to those instances in which A occurs. This notion of conditional probability
is precisely what we have been using in relating the feature to the class of the object.
That is to say, P (x|0) measures how often the observed feature is likely to take
on the value x when the object belongs to class 0.

Bayes theorem is an elementary but powerful result that lets us switch the order
of the events involved in the computation of conditional probability. That is, Bayes
theorem lets us determine P (A|B) in terms of P (B|A) and other quantities.

The derivation of Bayes theorem is quite simple. From Equation (5.1) we mul-
tiply both sides by P(A) to get

P (B&A) = P (A)P (B|A). (5.2)

Incidentally, recall that events A and B are independent if the occurrence of one
does not affect the probability of the other—in other words, P (B|A) = P (B). In
this case, we get the familiar result that P (B&A) = P (B)P (A).

Now, assuming P (B) > 0, we can also use the definition of conditional proba-
bility to get an expression for P (A|B) (just as we did for P (B|A)). We get

P (A|B) = P (B&A)

P (B)
, (5.3)

where we have used the trivial fact that P (A&B) = P (B&A). Multiplying both
sides of Equation (5.3) by P(B), we get

P (B&A) = P (B)P (A|B). (5.4)

In Equations (5.2) and (5.4), we now have two expressions for P (B&A), which
of course must be equal. Therefore,

P (B)P (A|B) = P (A)P (B|A),

and dividing both sides by P (B), we get Bayes theorem.

Bayes Theorem If P (A) > 0 and P (B) > 0, then

P (A|B) = P (A)P (B|A)

P (B)
.

5.2 BAYES DECISION RULE

The significance of Bayes theorem to the pattern recognition problem is that we can
use the conditional probability of the evidence given the hypothesis to calculate the
conditional probability of the hypothesis given the evidence, as long as we know
the a priori probabilities of the hypothesis and the evidence.
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We are assuming that the prior probabilities P(0) and P(1) and the conditional
probabilities P (x|0) and P (x|1) are all known. If we could compute P (x), then we
could use Bayes theorem to obtain P (0|x) and P (1|x), which are the probabilities
of the two classes, given our observation.

The unconditional probability P (x) is given by

P (x) = P (0)P (x|0) + P (1)P (x|1). (5.5)

All the quantities on the right hand side are assumed to be known. The probabilities
P (0|x) and P (1|x) are then given by

P (0|x) = P (0) P (x|0)

P (x)
(5.6)

and

P (1|x) = P (1) P (x|1)

P (x)
. (5.7)

In analogy with the featureless case, we expect that the best decision is sim-
ply to choose the class with larger conditional probability, that is, decide 0 if
P (0|x) >P (1|x) and decide 1 if P (1|x) >P (0|x). If P (0|x) = P (1|x), then they
must both equal 1/2 and it does not matter what we decide.

This is called Bayes decision rule, and it is in fact the optimal decision rule in
the sense that no other decision rule has a smaller probability of error.

5.3 OPTIMALITY AND SOME COMMENTS

The probabilities P (0|x) and P (1|x) are often called the posterior probabilities of
the two classes. The term “posterior” refers to the fact that these are probabilities
obtained after the data have been taken into account, in contrast to the prior prob-
abilities, which are obtained before any data have been taken into account. The
posterior probabilities can be thought of as updating the prior probabilities, given
the observed data.

To see that the Bayes decision rule is optimal, suppose that we observe the
feature vector x. A decision rule c must decide either 0 or 1, given the observation
x. If c decides 0 after observing x, then it makes an error with probability P (1|x),
which is the probability that the object belongs to class 1 given the data, that is,
the posterior probability of class 1. Likewise, if c decides 1, then it makes an error
with probability P (0|x). Once the value x is observed, the error can be minimized
by deciding the class with the larger posterior probability.

The above argument holds for every possible value of the feature vector x. That
is, whatever feature vector is observed, the best decision (based on observing that
particular feature value) is to decide that class with the larger posterior probability.
But this is precisely Bayes decision rule!
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Of course, if the two posterior probabilities are the same (and hence both equal
to 1/2), then it does not matter which class we decide. The probability of error
for either decision is 1/2, since after observing the data both classes are equally
likely. Thus, there is not necessarily a single “best” rule—a number of rules may
all have the same probability of error. However, no rule can perform strictly better
than Bayes decision rule.

In Bayes decision rule, the denominators of the expressions for P (0|x) and
P (1|x) are the same, namely P (x). So, to decide which is larger, we do not
actually need to compute P (x). Instead, we can simply compare P (0)P (x|0) and
P (1)P (x|1) and make a decision on the basis of which of these is larger.

However, to compute the error rate of Bayes rule, we typically do need P (x).
Bayes rule decides the class corresponding to the larger of P (0|x) and P (1|x).
Therefore, the larger of these is exactly the probability that our decision is correct.
This means that the probability of error, given we have observed x, is the smaller of
P (0|x) and P (1|x), or equivalently min{P (0|x), P (1|x)}. Thus, the overall (uncon-
ditional) probability of error of the Bayes decision rule can be expressed as

Bayes error rate =
∑

x

P (x) min{P (0|x), P (1|x)}. (5.8)

This is the best error rate that can be achieved. We denote this best possible error
rate by R∗, so that

R∗ = Bayes error rate =
∑

x

P (x) min{P (0|x), P (1|x)}. (5.9)

What can we say about R∗? Certainly, the error rate must satisfy R∗ ≥ 0, since
the probability of error must be non-negative. Also, we could always ignore the
feature vector and just randomly decide 0 or 1, each with a probability of 1/2.
This simple rule has an error rate of 1/2, regardless of the underlying distributions.
Hence, the Bayes error rate must satisfy the condition R∗ ≤ 1/2. We can also
see this by noting that in Equation (5.8), either P (0|x) ≤ 1/2 or P (1|x) ≤ 1/2
since they must add up to 1. Therefore, min{P (0|x), P (1|x)} ≤ 1/2, so that from
Equation (5.8), we have

R∗ =
∑

x

P (x) min{P (0|x), P (1|x)}

≤ (1/2)
∑

x

P (x)

= 1/2.

Combining the lower and upper bounds, we have

0 ≤ R∗ ≤ 1/2. (5.10)
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Without additional assumptions, we cannot say anything stronger, because there are
cases that achieve the lower bound in Equation (5.10) and other cases that achieve
the upper bound.

5.4 AN EXAMPLE

Suppose that we observationally determine that the unconditional probability of
getting a 1 is 0.56 and the unconditional probability of getting a 0 is 0.44. We
observe a single feature with six possible values, v1, . . . , v6. For each possible
value vi , we determine the frequency with which items from class 0 have that
value of the feature and the frequency with which items from class 1 have it.
(Table 5.1)

We first compute the unconditional probabilities P (vi) for each feature i as

P (vi) = P (1)P (vi |1) + P (0)P (vi|0).

For example,

P (v1) = (0.56)(0.14) + (0.44)(0.05) = 0.0784 + 0.022 = 0.1004.

Now, suppose we observe v1. Bayes theorem can be used to calculate the pos-
terior probabilities P (1|v1) and P (0|v1).

P (1|v1) = P (v1|1)P (1)

P (v1)
= (0.14)(0.56)

(0.1004)
≈ 0.78

and

P (0|v1) = P (v1|0)P (0)

P (v1)
= (0.05)(0.44)

(0.1004)
≈ 0.22.

Alternatively, once we have P (1|v1), we can obtain P (0|v1) as

P (0|v1) = 1 − P (1|v1) ≈ 1 − 0.78 = 0.22.

In this case, given that we observe v1, the Bayes decision rule decides that the
object belongs to class 1 (since P (1|v1) >P (0|v1)), and the conditional probability
of error, given v1, is min{P (0|x), P (1|x)} ≈ 0.22.

Table 5.1 Observed Feature Frequencies

v1 v2 v3 v4 v5 v6

P(vi |1) 0.14 0.29 0.36 0.14 0.07 0.00
P(vi |0) 0.05 0.09 0.23 0.27 0.25 0.11
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Table 5.2 Conditional Probabilities of 1 and 0, given Vi

v1 v2 v3 v4 v5 v6

P(1|vi) 0.78* 0.8* 0.67* 0.4 0.27 0.00
P(0|vi) 0.22 0.2 0.33 0.6* 0.73* 1.0*

Table 5.3 Using Different P(1) and P(0)

v1 v2 v3 v4 v5 v6

P(1|vi) 0.96* 0.97* 0.93* 0.82* 0.72* 0.00
P(0|vi) 0.04 0.03 0.07 0.18 0.28 1.0*

In a similar manner, we can find P (0|vi) and P (1|vi) for i = 2, 3, 4, 5, 6 as
shown in Table 5.2. For each i , the Bayes decision rule is indicated by the asterisks.
Thus, the optimal decision rule is to decide class 1 if we observe v1, v2, or v3, and
to decide class 0 if we observe v4, v5, or v6.

The Bayes error rate can be computed using Equation 5.8, and is found
to be 0.28.

Now suppose we have the same conditional probabilities as in the table above,
but the prior probabilities of the two classes are P (0) = 0.1 and P (1) = 0.9. Then
the posterior probabilities P (0|vi) and P (1|vi) for i = 1, 2, 3, 4, 5, 6 are as shown
in Table 5.3, again with Bayes decision rule indicated by asterisks. In this case, we
see that the optimal rule is to decide class 1 except when we observe the feature
value v6, in which case we decide class 0.

We see that in Bayes decision rule both the prior probability of a class as well
as the conditional probability of seeing a feature, given the class, are important
in determining the optimal decision. In the first example, the prior probabilities
are about the same, so that the decision is largely governed by the probabilities
of seeing the various feature values for each class. In the second example, the
probability of seeing an object from class 0 is very low, so we tend to favor
deciding class 1 as we would expect. However, if we see the feature value v6, then
it is so unlikely to have come from class 1 (in fact, probability 0 in this case) that
this overcomes our prior bias and the best decision is class 0. Bayes decision rule
tells us precisely how to balance our prior knowledge of the class probabilities
with the new information provided by observing the feature.

5.5 BAYES THEOREM AND DECISION RULE WITH DENSITIES

It turns out that Bayes theorem and the resulting Bayes decision rule also work
with densities in a completely analogous way. Suppose the features in the feature
vector x are continuous valued, so that we have conditional densities p(x|0) and
p(x|1) for the distributions of the feature vector for each class. The unconditional
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density of the feature vector is given by

p(x) = P (0)p(x|0) + P (1)p(x|1).

If the density p(x) > 0 and P (0) and P (1) > 0, then Bayes theorem for densities
tells us that

P (0|x) = P (0) p(x|0)

p(x)

and

P (1|x) = P (1) p(x|1)

p(x)
.

This looks just like the expressions we had before in Equation 5.6, except that the
capital “P” denoting probabilities for x have now been replaced by lower case
“p” denoting the density for x. But since the class of the object is still discrete
(namely, just two classes—either 0 or 1), we still have probabilities for the class
of the object.

Bayes decision rule is exactly the same as in the purely discrete case. That is to
say, we decide class 0 if P (0|x) >P (1|x) and we decide class 1 if P (1|x) >P (0|x).
If P (0|x) = P (1|x) then both are equal to 1/2 and, as before, our decision will not
affect the probability of error.

Given that we see a particular feature vector x, our conditional probability of
error is again min{P (0|x), P (1|x)}. The overall (unconditional) probability of error
is therefore

R∗ = Bayes error rate =
∫

min{P (0|x), P (1|x)}p(x) dx. (5.11)

This is very similar to the expression in Equation 5.8 except that now the probability
P (x) is replaced by the density p(x), and therefore, the summation over discrete
feature vectors is replaced by an integral. Again, this is the best error rate that can
be achieved over all possible decision rules.

5.6 SUMMARY

In Chapter 4, we noted that to minimize the probability of error, we need to
decide the class that has the larger posterior probability, given the observed feature
vector. However, in that chapter we did not show how to compute the needed
posterior probabilities. In this chapter we began with a result from probability
known as Bayes Theorem . This result shows how to switch the order of events in
a conditional probability, and this is exactly the tool that allows us to compute the
needed posterior probabilities. The resulting decision rule is called Bayes decision
rule. We argued that this is the optimal decision rule in the sense that no other rule
can have a smaller probability of error. We discussed a simple example in detail.
We ended with a discussion of Bayes Theorem and Bayes decision rule in the case
of densities.
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5.7 APPENDIX: DEFINING CONDITIONAL PROBABILITY

It is relatively standard practice to define conditional probability in terms of (uncon-
ditional) probability. This is actually controversial and some theorists have argued
that the reverse is true; unconditional probability should be defined in terms of
conditional probability (Hájek, 2003).

Standard accounts follow Kolmogorov (1933) in defining the conditional prob-
ability of B given A, P (B|A), as follows:

P (B|A) = P (B&A)

P (A)
. (5.12)

Since division by zero is not defined, standard accounts take conditional probability
to be similarly undefined when P (A) = 0.

On the other hand, we have also suggested that P (B|A) measures how often the
event B is likely to occur when we restrict attention to those instances in which A
occurs. Of course, if an event whose probability is 0 could not occur, this would
not matter.

However, there are cases in which P (A) = 0 but A can still occur. Situations in
which it is appropriate to appeal to probability density are almost always examples
of this sort.

Suppose that Alice throws a dart at a circular dart board that is exactly 1 ft in
diameter and suppose also that, if she hits the board, there is a particular point on the
board that she hits. (We are concerned with the first two times in which she actually
hits points on the board.) Suppose that she is equally likely to hit any of the points
on the board and, in particular, that the probability density of her hitting a particular
point on the board is constant over the whole dart board. Let A be that Alice’s first
dart hits a point whose distance from the center is exactly 3 inches. Let B be that
Alice’s second dart hits a point that is nearer to the center than her first dart.

Even though P (A) = 0, it is natural to think that P (B|A) is defined in this case
and (because of the uniform probability density) it is equal to the fraction of the
area of the dart board that is within 3 inches of the center divided by the total area
of the dart board: P (B|A) = 1/4.

So it seems that the conditional probability of B , given A, P (B|A), can some-
times have a definite value even though P(A) is 0. If so, we cannot use the standard
definition of P (B|A). And perhaps there is no way to define conditional probability
in terms of unconditional probabilities.

On the other hand, it may be possible to define the unconditional probability
of A, P(A), in terms of the conditional probability of A, given something T that
must always be certainly true. P (A) = P (A|T ). What would be a good choice
for such a T ?

5.8 QUESTIONS

1. What is Bayes theorem? Why is it true? How might Bayes theorem be useful
in determining the probability of a hypothesis, given some evidence?
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2. What is a Bayes rule?

3. True or false? If the features, classifications, and probabilities are fixed, there
can be more than one Bayes rule.

4. Consider two classes 0 and 1 with P (0) = 0.6. Suppose that the conditional
probability density functions of the feature x are p(x|0) = 1 for 0 ≤ x ≤ 1
and p(x|1) = 2x for 0 ≤ x ≤ 1.

(a) What is the feature space?

(b) What are the possible decision rules?

(c) What is the optimal (Bayes) decision rule? Draw a picture indicating the
intervals where the decision is one and where the decision is zero.

(d) What is the minimum (Bayes) error rate?

5. For the situation in question 4, consider two decision makers, Ivan and Derek,
who make a decision solely on the basis of prior probabilities (i.e., without
observing any features). Ivan thinks that the decision should be randomized
according to the prior probability distribution. So, he decides “0” 60% of the
times and “1” 40% of the times, on the basis of the outcome of a biased coin
flip. Derek, on the other hand, thinks that he should always decide the greater
of the two probabilities, that is, “0” all the times. Who do you think will
perform better? What are their error rates?

6. Consider the situation in question 4 and assume now that it costs $12 if you
decide 0 when it really was a 1 and $10 if you decide 1 when it really was a 0.

(a) If you use the Bayes decision rule that you derived for question 4, how
much does it cost you to make a decision on average?

(b) Imagine that you observe the feature x = 0.7. If you decide that the class
was 0, what is your average cost? If you decide that the class is 1, what
is your average cost? Which should you decide to minimize costs?

7. Continuing with the cost assumptions of the previous problem.

(a) In general, when you observe a feature x , what is the average cost if you
decide 0? What is it if you decide 1? (These should be dependent on x .)

(b) On the basis of these average costs, to minimize the average cost, when
should you decide 0? When should you decide 1?

(c) If you use this decision rule, what is your average cost of making a
decision?

8. There are two containers of black and white balls. In container 1, 1/3 of the
balls are black and 2/3 are white. In container 2, 2/3 of the balls are black
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and 1/3 are white. The container before you is equally likely to be container
1 or container 2. You experiment by withdrawing a ball, checking its color,
and returning it. Given that the ball is white, what is the probability that the
container before you is container 1? If you repeat the experiment three times,
What is the probability of getting the result white-black-white?

9. Suppose there are two curtains and behind each curtain is either gold or a goat.
Suppose the prior probability that there is gold behind a given curtain is 1/2,
is the same for each of the curtains, and is independent of what is behind the
other curtain.

(a) If you are told that there is gold behind Curtain 1, what is the
posterior probability that there is gold behind both curtains, given that
information?

(b) If you are told that there is gold behind at least one of the curtains, what
is the posterior probability that there is gold behind both curtains, given
that information?

10. Suppose we know that the probability that it will rain on any given day is p
and is independent of the weather on all other days. As a meteorologist, what
should your pattern of weather predictions be from day to day to minimize
your probability of error, and what is the resulting error rate? Suppose as your
prediction for tomorrow’s weather you use the weather you observe today.
What is the error rate for this prediction rule?

11. A die is weighted so that when it is tossed, one particular number will come
up with a probability of 1/2 and each of the five other numbers will come up
with a probability of 1/10. Suppose that each of the six sides has had an equal
chance of being the side that is favored. We are interested in deciding which
is the favored number.

(a) With no observations, what is an optimal decision rule and what is the
probability of error?

(b) Suppose we observe a 3 and a 4 on two independent rolls of the die. Given
this data, what is an optimal decision rule and what is the probability of
error?

12. Suppose that 5% of women and 0.25% of men in a given population are
colorblind.

(a) Write Bayes Theorem.

(b) If a colorblind person is chosen at random from a population containing
an equal number of males and females, what is the probability that the
chosen colorblind person is male?
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Let c denote the event that the selected person is colorblind, m denote that
the selected person is male, and f denote the selected person is female.

The probability that a randomly selected person is colorblind is then
P (c) = P (c|m)P (m) + P (c|f )P (f ) = (1/20) ∗ (1/2) + (1/400) ∗
(1/2) = 21/800.

So P (m|c) = P (c|m)P (m)/P (c) = (1/400) ∗ (1/2)/(21/800) = 1/21.

(c) If the population has twice as many males as females, what is the proba-
bility that a colorblind person chosen at random is male?

P (m) = 2
3 , P (f ) = 1

3 . Then P (c) = P (c|m)P (m) + P (c|f )P (f ) =
(1/400)(2/3) + (1/20)(1/3) = 11/600.

So P (m|c) = P (c|m)P (m)/P (c) = (1/400)(2/3)/(11/600) = 1/11.

(d) If the population has an equal number of males and females, what is the
probability that a person chosen at random is both female and colorblind?
P (candf ) = P (c|f )P (f ) = (1/20) ∗ (1/2) = 1/40.

(e) If the population has twice as many males as females, what is the prob-
ability that a person chosen at random is both male and not colorblind?
P (not c and m) = (1 − P (c|m))P (m) = (1 − 1/400) ∗ (2/3) = 133/200.

13. Suppose the feature vector x can only take values −1 or +1, and the Bayes
rule is as follows: decide 0 when x = −1 and decide 1 when x = +1. Suppose
the cost of a correct decision is 0, but the cost of an incorrect decision is as
follows. The cost of deciding 0 when actual class is 1 is $5 and the cost of
deciding 1 when the class is 0 is $10. What is the expression for the average
cost of the decision rule (in terms of P (x|0), P (x|1), P (0|x), P (1|x), P(0),
and P(1))?

14. True or false? P (A|B) might have a definite value even if P (B) = 0.
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well as the other pattern recognition references from Chapter 4.
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C H A P T E R 6

Learning from Examples

In Chapters 4 and 5, we described the pattern classification problem and discussed
the best possible decision rules, the Bayes decision rules. Although the Bayes
decision rules will generally have a nonzero error rate (because of inherent ran-
domness), they will do better than any other rules. If we can find a Bayes decision
rule, we are guaranteed to have as small an error rate as possible.

However, in order to find such a decision rule, we need to know the underlying
distributions P(0), P(1), P (x|0), and P (x|1), and we are rarely so lucky to have
this knowledge. This is where learning from data comes in. Instead of assuming
that we know the distributions governing the problem, let us assume that we have
access to some prior examples or data. Let us try to use the data to learn to make
good decisions by coming up with a relatively good decision rule.

This is a powerful idea, since in many applications we may know very little
about the distributions, and yet we may be able to observe data that allow us to
come up with good decision rules. Some immediate questions that arise are “How
can we find good classification rules?,” “What is the best performance we can
expect?,” and “Can we find rules that achieve this performance?” In this chapter
we describe, in general terms, how to formulate this learning problem. In the rest of
the book we address the questions above and discuss some of the most well-known
and successful learning methods.

6.1 LACK OF KNOWLEDGE OF DISTRIBUTIONS

Recall the pattern recognition problem as we have discussed it so far. An object
belongs to one of two classes, 0 and 1. We observe features of the object represented
by a feature vector x and wish to decide whether the object belongs to class 0 or
class 1. We would like to find a decision rule that minimizes the probability of
error.

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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In discussing the pattern recognition problem, we assumed a knowledge of the
prior probabilities P(0) and P(1) that the object belongs to class 0 and 1 respec-
tively, and the conditional probabilities P (x|0) and P (x|1) (or conditional densities
p(x|0) and p(x|1) relating the observed feature vector to the class of the object.
With this knowledge, given the feature x, we can, in principle, implement a Bayes
decision rule. That is, we can compute the posterior probabilities P (0|x) and P (1|x)

and then decide that the object belongs to the class with the larger posterior prob-
ability. (If these posterior probabilities are the same, we can choose either class.)

A Bayes rule is a best decision rule in terms of minimizing the probability of
error. Because of the randomness inherent in both the class to which the object
belongs and the relationship between the observed features and the object’s class,
we should not expect any decision rule to work flawlessly. Even an optimal Bayes
rule may make mistakes, that is, even an optimal rule may have some nonzero
error rate. However, no other rule can do better.

Unfortunately, in many situations, we have no way actually to implement a
Bayes rule. The problem is that we need to know P(0), P(1), P (x|0), and P (x|1),
and we are rarely fortunate enough to have this knowledge. Of these quantities, P(0)
and P(1) are easier to determine than the conditional distributions. The reason is that
P(0) is just a single number, namely the prior probability that an object comes from
class 0, and P(1) is just 1 − P (0). Even if we do not know these numbers, we might
be able to come up with reasonable estimates fairly easily. However, the conditional
distributions are functions of x, which makes them much more difficult to estimate.

For example, consider the problem of handwritten character recognition. Sup-
pose a machine can scan individual handwritten letters, resulting in a digital image
of the letters, and we wish to recognize which letter of the alphabet is written. In
this application, it is one thing to know (or assume that we know) the prior proba-
bilities of each letter, but an altogether different thing to assume that we know the
conditional probabilities of the feature vector, given the letter.

Indeed, the prior probability of each letter can be identified with the long-run
frequency of occurrence of that letter, for which we may have a good estimate. On
the other hand, consider the conditional distributions of the feature vector, given the
letter, namely P (x|a), P (x|b), . . . , P (x|z). There are 26 of these (even ignoring
lower case versus upper case letters, punctuation marks, etc.). The feature vector
x in this case represents the digital image, and P (x|a) denotes the probability of
seeing the particular image x, given that the letter written is an “a.” There are an
enormous number of probabilities (one for each image and letter). We generally
have very little knowledge of these and even trying to come up with good models
or estimates is impractical.

6.2 TRAINING DATA

We now assume that, although nature is governed by some prior probabilities and
conditional distributions, these are unknown to us. What can we do in this case
to come up with good decision rules? It seems clear that, unless we have some
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additional information upon which to base a decision, there is not much that we
can do besides randomly deciding on one or another of the classes.

A powerful approach—that is the subject of the rest of this book—is to
assume that we have access to training data consisting of a set of labeled
examples, (x1, y1), (x2, y2), . . . , (xn, yn). The xi are observed feature vectors
that characterize certain objects and each yi indicates the class to which object i
belongs (either 0 or 1).

Given the training data, we then observe a new object characterized by the
feature vector x and wish to decide whether the new object belongs to class 0
or class 1. This is the basic problem of learning from examples . It is commonly
referred to as “supervised learning,” since we have access to a set of examples that
are assumed to be properly labeled by a “supervisor.”

The information available to classify an object is given by the training data
(x1, y1), (x2, y2), . . . , (xn, yn) as well as the feature vector x of the new object
to be classified. Given all of this information, our decision is either 0 or 1. Thus,
a decision rule c(·) that we come up with will generally depend on all of this
information so that c(x; (x1, y1), (x2, y2), . . . , (xn, yn)) is either 0 or 1.

Often we suppress the explicit dependence of the decision rule on the training
data. That is, given the training data (x1, y1), (x2, y2), . . . , (xn, yn), our aim is to
come up with a decision rule c(·) that decides 0 or 1, given a feature vector x. This
is exactly the kind of decision rule we discussed in Section 4.2. That is to say,
the decision rule c(x) can be thought of as a function c : Rd → {0, 1} that takes
as input the feature vector x of d real numbers, representing the values of the d
features, and produces a decision c(x) that is either 0 or 1.

Of course, the decision rule c(x) is obtained using some learning algorithm on
the training data. Thus, we can think of a learning algorithm as taking training data
(x1, y1), (x2, y2), . . . , (xn, yn) as input and producing a decision rule c(x) as out-
put. We would like to find good learning algorithms. That is, we would like to find
methods that use the training data to come up with (or “learn”) good decision rules.

The idea of incorporating learning into the pattern recognition problem is
extremely powerful. If we are able to come up with good classification rules,
we will have achieved a great deal since we will have replaced the requirement
that the distributions be known with the requirement that we be given a set of
labeled examples. In many applications, knowledge of the distributions is difficult
to obtain but labeled examples are relatively easy to come by. Consider again the
problem of handwritten character recognition. We have mentioned how hopeless it
may be to try to obtain the conditional distributions for this problem. On the other
hand, to obtain labeled examples, we merely have to select a set of handwritten
characters and have a human supervisor classify these examples.

6.3 ASSUMPTIONS ON THE TRAINING DATA

We would like whatever decision rule we come up with to perform well. But
what do we mean by this? We can use the same criterion as before—namely, the
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probability of error. That is, we will assume that there are prior probabilities and
conditional probability distributions governing the problem, even though we do not
know what they are. We would like to have a small probability of error according
to these unknown distributions.

As a benchmark, we would like to compare the performance of whatever rule
we arrive at to the Bayes error rate R∗. But, how can we compare the performance
of our rule with R∗ when we cannot even compute it since we do not know the
underlying distributions? It turns out that there are results about how close we can
get to the Bayes error rate R∗, whatever that error rate may be, even though it is
unknown.

Of course, if we hope to come up with good decision rules on the basis of data,
we need useful data. We need to assume that the data are representative of the
new objects we will be asked to classify. Since we are measuring performance by
a probability of error, given the underlying distributions, the labeled examples we
observe should somehow reflect those distributions.

We will assume that the labeled examples (x1, y1), (x2, y2), . . . , (xn, yn) arise
from these same distributions. Furthermore, we will assume that results of these
distributions are “i.i.d.”—independent and identically distributed. This means that
each example, including each labeled example used as data and any later example to
be classified, arises from the same underlying probability distributions P(0), P(1),
P (x|0), and P (x|1) (so the examples are identically distributed) and also that the
feature vector and label of any example does not depend probabilistically on the
feature vector and label of any other example (so the examples are probabilistically
independent).

The reason for the “identically distributed” condition is straightforward. Con-
sider again the character recognition problem. Suppose the training data contained
examples of only the letters “A” and “B” and did not contain examples of the
other letters, even though these other letters do show up in the samples we wish
to learn to classify. How could we possibly expect to come up with a rule that
classifies these other letters correctly? Or, to take a less extreme example, imagine
that the training data contained examples of only neatly written letters, or letters
in just one type of handwriting, but the samples we wish to classify do not contain
only neatly written letters in that style. Then how could we expect our system to
perform well on messily written characters, or in a different style of handwriting?
To come up with a decision rule that works well according to the distributions
P(0), P(1), P (x|0), and P (x|1), it makes sense that the training data should arise
from these same distributions. If the problem is to find a rule to classify actual
written characters on envelopes, for example, the training data should be taken
from a random sample of actual writing on envelopes.

The “independence” assumption is somewhat more difficult to explain. Consider
the following extreme case. Suppose our sampling procedure is to draw the first
training example (x1, y1) randomly according to the underlying distributions P(0),
P(1), P (x|0), and P (x|1), and the rest of the training examples are taken to be the
same as (x1, y1). Rather than drawing the new training examples randomly, we just
take (x2, y2) = (x1, y1), (x3, y3) = (x1, y1), and so on up to (xn, yn) = (x1, y1).
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Then we could argue that each example is drawn according to the distributions
P(0), P(1), P (x|0), and P (x|1). So the training examples are identically distributed
(in fact, they are identical!). However, there is clearly a problem here. We have no
hope of coming up with a good decision rule based on just seeing (x1, y1) repeated
many times. The problem is that the training examples are not independent—rather
they are completely dependent, in effect giving us just one example.

One might guess that requiring the data to be strictly independent and identically
distributed is not absolutely necessary for learning. The main requirement is that the
data are rich and representative enough to give a good sense of the posterior distri-
butions P (x|0) and P (x|1) for all x, since this is what Bayes decision rule uses to
classify x. Indeed, the assumption that the training data are independent and identi-
cally distributed can be relaxed, and a good deal of work has been done on under-
standing more general conditions under which successful learning can take place. In
particular, much work has been done on allowing some dependence in the training
examples (e.g., see, Györfi et al . (1989) and references therein for the estimation
problem). However, the i.i.d. assumption is the simplest to work with and yet it cap-
tures the richness needed to discuss learning methods useful for most applications.

6.4 A BRUTE FORCE APPROACH TO LEARNING

Faced with the learning problem and armed with the tools from Chapters 4
and 5, a natural approach suggests itself: we could try to use the data (x1, y1),

(x2, y2), . . . , (xn, yn) to estimate the unknown distributions P(0), P(1), P (x|0),
and P (x|1). Then we could use these estimates to construct a Bayes decision rule
corresponding to the estimated distributions. The hope is that if the estimates
are close to the underlying true distributions, then the resulting decision rule
will be close to the true Bayes decision rule (that corresponds to the underlying
distributions).

As we mentioned before, P(0) and P(1) are not hard to estimate. Since P(0) is
the prior probability that an object comes from class 0, a natural estimate, P̂ (0), is
to simply count the number of training examples that are labeled 0 and to divide
this by n . Likewise, a natural estimate P̂ (1) for P(1) is the number of training
examples labeled 1 divided by n . Of course, P̂ (1) = 1 − P̂ (0), as expected.

However, the conditional distributions are functions of x, and hence these are
much more difficult to estimate. If the feature vector takes on only a finite set of
values, say x ∈ {a1, a2, a3, a4, a5}, then the conditional distribution P (x|0) is repre-
sented by five numbers, namely P (a1|0), . . . , P (a5|0). P (a1|0) can be estimated by
counting the number of training examples for which yi = 0 and xi = a1 and divid-
ing by the number of training examples for which yi = 0. P (a2|0), . . . , P (a5|0)

can be estimated similarly. Likewise, P (x|1) can be estimated in an analogous way.
In the case that the feature vector x takes on a continuum of values, the con-

ditional distributions are typically densities p(x|0) and p(x|1). There are methods
for density estimation that in principle could be used to provide estimates p̂(x|0)

and p̂(x|1) for the densities using the training data.
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Once we have estimates P̂ (0), P̂ (1), P̂ (x|0), and P̂ (x|1), we can substitute these
into Equations (5.5) and (5.6) to form an estimate of Bayes decision rule. The
problem with this approach is that in most practical applications, the conditional
distributions are extremely difficult to estimate. Typically, the amount of available
training data is much too small to give reasonable estimates. And, trying to come up
with good models for the conditional distributions on the basis of prior information
about the problem is also very difficult.

Thus, the brute force approach is generally impractical as discussed further in the
following section. Fortunately, to come up with decision rules, we do not need to
estimate the underlying distributions, and in fact trying to do so is overkill. Recall
that Bayes decision rule is based on the posterior probabilities P (0|x) and P (1|x).
Moreover, Bayes rule is simply based on which of the posterior probabilities is
larger, so we do not even need to know them exactly. Given the training data
(x1, y1), (x2, y2), . . . , (xn, yn) and a new feature vector x, we need to only decide
which of P (0|x) and P (1|x) is larger.

Moreover, if P (0|x) and P (1|x) are very different from each other (that is, one
is close to 0 and the other is close to 1), then it might be easy to decide which is
larger. If they are very close to each other (that is, both are close to 1/2), then a
mistake in deciding which is larger does not contribute much to the error rate. So,
there is hope even though the brute force approach is unlikely to work.

6.5 CURSE OF DIMENSIONALITY, INDUCTIVE BIAS,
AND NO FREE LUNCH

A brute force approach works well if the number of possible values for x is small
compared with the number of training examples, or, in the case of a continuum of
values, if the number of dimensions is small. However, many practical applications
do not satisfy these conditions. Even under modest assumptions, the number of
dimensions can be large and the number of possible feature vectors, enormous.

Consider, first, a finite case but one for which the number of possible values
for x is very large compared with the number of training examples. For example,
suppose the feature vector is a rather small binary image, say just 10 × 10. The
number of possible feature vectors is the number of 10 × 10 binary images. There
are only 100 pixels and each pixel can take on only 2 possible values, but there are
still 2100 possible feature vectors. With any reasonable amount of training data, it
would be very difficult to use the discrete approach for estimating the conditional
probabilities. If we considered grayscale images with 256 gray levels, then there
would be 256100 possible feature vectors (images).

One might try to model the gray levels as taking on a continuum of values and
use methods for density estimation. In this case, the number of dimensions is 100,
which is very large as far as trying to get good density estimates is concerned.
And in many practical applications, the number of dimensions can be much larger
than 100. For example, with a more reasonable image size of say 100 × 100, the
number of dimensions is 10,000, and even this is not a very high-resolution image.
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In these and many other very practical cases, the brute force approach performs
very poorly and becomes useless rapidly even for a modest number of dimensions.
The rapid increase in difficulty of the learning problem as the number of dimensions
increases is often referred to as the “curse of dimensionality.”

The curse of dimensionality is very real, both in theory and practice. There are
theorems that quantify various ways in which the difficulty of learning increases
exponentially with the number of dimensions. (Notice, for example, that the volume
of a d -dimensional hypercube with a side of length L is Ld .) Such results might
seem to suggest that the learning problem is hopeless for many applications that
have high-dimensional feature vectors with modest amounts of training data. Such
problems are difficult, yet as we will see a number of practical learning algorithms
provide results better than might be expected. How is this possible?

It turns out that in many applications, the underlying distributions have some
structure so that the “effective” number of dimensions can be much smaller than the
number of actual dimensions of the feature vector. If the particular learning method
used somehow captures this structure, then learning with a reasonable number of
training examples may be possible. On the other hand, if the structure favored by
the learning method is ill-suited to the application at hand, then far more examples
are needed for comparable performance.

The fact that a learning method favors some decision rules over others is called
inductive bias , which is necessary for inductive learning. A completely unbiased
system cannot learn from experience.

It would be nice if there were one learning method that outperformed all oth-
ers regardless of the underlying distributions. Unfortunately, this is not the case.
There are results quantifying this that are sometimes referred to as “no free lunch
theorems.” For this reason, a variety of techniques have emerged that have varying
degrees of success, depending on the underlying problem. Of course, some meth-
ods have been shown to outperform others in many practical problems of interest.
However, the no free lunch theorems guarantee that no single learning method
can outperform all others on all problems, making the design of practical learning
algorithms a mix of an art and science.

6.6 SUMMARY

In this chapter we discussed learning from examples. We assumed that there are
prior probabilities and conditional probabilities as before, but we assumed that these
are unknown. Knowledge of the distributions is replaced by a set of examples called
training data. The problem of learning from examples is to use the training data
to come up with a decision rule for classifying a new feature vector. Although the
distributions are unknown, the performance of the decision rule learned is evaluated
using the (unknown) distributions. In order to come up with a good rule, we need the
training examples to be representative of the underlying distributions. The standard
assumptions are that the training data are independent and identically distributed
(i.i.d.) according to the underlying distributions. A brute force approach to learning
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from examples is to use the training data to estimate the unknown distributions and
then construct a Bayes decision rule using our estimates. This is impractical in most
applications because of the difficulty of estimating densities in high dimensions
with minimal data. Though the methods we will be discussing avoid this problem
to some extent (by directly finding classification rules rather than first estimating the
distributions), learning from examples is inherently a difficult problem, especially
in high dimensions. This is often called the curse of dimensionality. While it would
be nice to have one learning method that beats all others, this is not possible.

6.7 APPENDIX: WHAT SORT OF LEARNING?

There are different kinds of learning. There is learning that something is the case, as
when Jack learns that Betty is dating Doug. There is learning how to do something,
as when Ken learns how to ride a bike. There is learning physics, learning Italian,
learning tennis, and learning a poem.

Sometimes learning is an all or nothing matter, as in learning that Betty is dating
Doug or learning a particular poem. Sometimes learning is a matter of degree: one
gets better at physics or tennis, one learns more physics, one gets better at solving
physics problems.

It is a debated question in philosophy and linguistics whether knowing how
to do something is always a case of knowing that something is so (Stanley and
Williamson, 2001; Bengson et al . 2009).

On the one hand, it might seem that one can know how to ride a bike without
knowing that something is the case simply by being able to ride a bike, whether
or not one knows how one does it or how anyone else does it.

On the one hand, knowing how seems to be like knowing what, knowing where,
knowing who, knowing when, and so on, and it would seem that to know these
things is to know what the answer is to a corresponding question: “who did it?”
“Bob”; “where did he do it?” “Over there”; and “how did he do it?” “Like this.”
So to know how to ride a bike is to know that this is how to ride a bike. And
someone might, in this sense, know how to ride a bike without being able to ride
a bike because of lack of practice, fear of falling, or paralysis.

Without trying to resolve this issue, perhaps we can nevertheless at least distin-
guish learning how to ride a bike from learning to ride a bike. Albert may have
learned how to ride a bike even though he has not learned to ride a bike.

But what sort of learning are we concerned with in this book? We are at least
concerned with learning to do something and with learning to classify or estimate
values. We are concerned with learning from labeled examples to do one or the
other of these things.

This sort of learning does not involve learning what the correct classifications of
particular examples are. The relations between features and correct classifications
are typically only probabilistic, so even a best rule of classification—a Bayes
rule—will sometimes, perhaps often, be in error. Furthermore, as we will see,
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even after seeing many examples, we may not be able to come up with a best rule.
So, we cannot in general learn that we have found the Bayes rule or even that we
are on the way to finding it.

6.8 QUESTIONS

1. What is the general learning problem we are concerned with?

2. Why do we need learning? Why cannot we simply use a Bayes rule for pattern
classification?

3. What are training data for learning from examples?

4. What sorts of assumptions do we need to make about the training data?

5. What does it mean for examples to be drawn to be iid?

6. When might a brute force approach to the learning problem be useful?

7. What is the curse of dimensionality?

8. What is inductive bias? Is it good or bad?

9. Consider a pattern recognition problem with prior probabilities P (0) = 0.2 and
P (1) = 0.8 and conditional distributions P (x|0) and P (x|1). Let R∗ denote
the Bayes error rate for this problem. As usual, suppose we have independent
and identically distributed training data (x1, �1), . . . , (xn, �n). Let M be some
universally consistent decision rule for this problem.

(a) Suppose we randomly select half of the training points and throw them
away. Will the remaining training points be independent? Identically
distributed?

(b) If we use method M but on the training data as modified in part (a), what
asymptotic error rate will we get?

(c) Now suppose we take the original training data and throw away all the
examples that have a label 1. Will the remaining training data be indepen-
dent? Identically distributed according to the underlying distributions?

(d) If we use method M but on the training data as modified in part (c) by
throwing away all examples with label 1, what asymptotic error rate will
we get?

(e) Give a very brief explanation of why we get the results of parts (b)
and (d).
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The Nearest Neighbor Rule

Recall the pattern recognition problem that we have discussed so far. We are dealing
with objects that belong to one of the two classes 0 and 1. We observe a feature
vector x of an object and we would like to decide whether the object belongs to
class 0 or class 1. We want a decision rule that minimizes the probability of error.

If the prior probabilities, P (0) and P (1), and the conditional densities
p(x|0) and p(x|1) are known, then we can implement Bayes decision rule.
If these are unknown, then we assume that we have some “training data”
(x1, y1), (x2, y2), . . . , (xn, yn) and wish to come up with a good classification rule
on the basis of this data. This is the problem of learning from examples.

In Chapter 6, we described a brute-force approach—first estimate the unknown
prior probabilities and conditional densities and then substitute these estimates
into the equations for Bayes decision rule. This approach does not work well for
reasons described in the previous chapter. In this and in the following chapters,
we discuss more practical approaches that bypass the need to first estimate the
unknown distributions.

7.1 THE NEAREST NEIGHBOR RULE

Perhaps the simplest decision rule one might come up with is to find in the training
data the feature vector xi that is closest to x, and then decide that x belongs to
the same class as given by the label yi . This decision rule is called the “nearest
neighbor rule” (NN rule) and can be illustrated by a figure (see Figure 7.1).

In Figure 7.1, the feature vectors are two-dimensional, and so each xi can be
represented by a point in the plane. Associated with each xi is a region (called the
Voronoi region) consisting of all points that are closer to xi than to any other xj .
That is, the points in the region associated with xi have xi as their nearest neighbor
among the set x1, . . . , xn.

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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Figure 7.1 Voronoi regions.

Recall that associated with each xi is a label yi that is either 0 or 1. The NN
rule simply classifies a feature vector x according to the label associated with the
region to which x belongs. Alternatively, we can think of the xi as “prototypes.”
The NN rule classifies a given x by assigning it to the same class as the closest
prototype.

Given the simplicity of the NN rule, some questions immediately come to mind.
For example, is this really a reasonable classification rule? How well does it per-
form? How should we measure its performance?

7.2 PERFORMANCE OF THE NEAREST NEIGHBOR RULE

As we mentioned above, a natural benchmark for measuring the performance of
the NN rule (or any decision rule, for that matter) is the Bayes error rate. Recall
that we denote the Bayes error rate by R∗, the “*” indicating optimality (since no
rule can have error rate less than R∗).

To discuss the error rate of the NN rule, we need to clarify what we mean. Since
the NN rule depends on the data (x1, y1), (x2, y2), . . . , (xn, yn), the performance
of the NN rule will depend on the specific training examples we have seen. Since
these training examples are randomly drawn, we cannot expect to do well for every
case—there is a chance that we will be unlucky and see particularly poor data. To
avoid these problems, we consider the expected performance of the NN rule. The
expectation is with respect to the new instance to be classified (as usual) as well
as the training examples.
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Of course, the expected performance also depends on how much training data
have been seen. Let Rn denote the expected error rate of the NN rule after n

training examples, and let R∞ denote the limit of Rn as n tends to infinity. R∞
is the asymptotic expected error rate of the NN rule. That is, it measures the
performance of the NN rule as the training sample size tends to infinity. We will
focus on R∞.

What can we say about R∞? More specifically, can we get bounds on R∞ in
terms of R∗?

A lower bound on R∞ is easy. Certainly, we must have R∗ ≤ R∞, since the
Bayes decision rule is optimal and so the nearest neighbor rule (even with infinitely
many training examples) can do no better.

The more interesting bounds are upper bounds on R∞ in terms of R∗. The
basic result is that the asymptotic error rate of the NN rule is no worse than twice
the Bayes error rate, that is, R∞ ≤ 2R∗. Combining the lower and upper bounds,
we have

R∗ ≤ R∞ ≤ 2R∗. (7.1)

It turns out that one can obtain the following more refined bound:

R∗ ≤ R∞ ≤ 2R∗(1 − R∗). (7.2)

Since error rates (and so R∗ in particular) must be between 0 and 1, we see that
1 − R∗ ≤ 1. Hence, 2R∗(1 − R∗) ≤ 2R∗, so that the simpler bound 2R∗ follows
easily from the more refined upper bound.

The factor of 2 in the upper bound may not seem so good, but for small R∗,
even 2R∗ will be small. Also, in general, we cannot say anything stronger than
the bounds given in the sense that there are examples that achieve these bounds.
That is, there are choices for the underlying probability distributions for which the
performance of the NN rule achieves either the upper or the lower bound.

The upper bounds of Equation (7.1) and (7.2) might seem somewhat surprising.
Using only random labeled examples but knowing nothing about the underlying
distributions, we can (in the limit) achieve an error rate no worse than twice the
error rate that could be achieved by knowing everything about the probability
distributions. Moreover, we can do this with an extremely simple rule that bases
its decision on just the nearest neighbor to the feature vector we wish to classify.
This result is sometimes interpreted informally by saying that half the information
is contained in the nearest neighbor.

7.3 INTUITION AND PROOF SKETCH OF PERFORMANCE∗

Here we give some intuition and a rough proof sketch on how to obtain the upper
bound on the asymptotic error rate.
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As we get more and more data, the distance between x and its nearest neighbor
goes to zero. In computing R∞, it is as though the distance is zero. When the
distance between x and its nearest neighbor (say xi) is zero, it is like guessing the
outcome of a coin flip (the label y corresponding to x) on the basis of another
independent coin flip (the label yi corresponding to xi).

Let R∗(x) be the conditional Bayes error rate, given x. Then R∗ is the average
of R∗(x) over all possible feature vectors x.

Given x (and that the nearest neighbor is distance 0), the probability that the
NN rule makes a correct decision is just the probability that both labels are 0 or
both labels are 1. That is,

P (correct|x) = P (0|x)P (0|x) + P (1|x)P (1|x)

= P (0|x)2 + P (1|x)2.

Now, recall that the Bayes decision rule simply decides the class that has the
larger posterior probability, and so makes an error with the probability that is the
smaller of the posterior probabilities. Or, conditioned on x,

R∗(x) = min{P (0|x), P (1|x)}.

Hence, R∗(x) is equal to one of P (0|x) or P (1|x), and 1 − R∗(x) is equal to the
other.

In either case, substituting into the expression for P (correct|x), we get

P (correct|x) = R∗(x)2 + (1 − R∗(x))2 (7.3)

= 1 − 2R∗(x) + 2(R∗(x))2. (7.4)

Simple Bound
To obtain the simple upper bound that R∞ ≤ 2R∗, note that in Equation (7.4) the
term 2(R∗(x))2 is greater than or equal to zero, so that

P (correct|x) ≥ 1 − 2R∗(x).

Therefore,
P (error|x) = 1 − P (correct|x) ≤ 2R∗(x)

and averaging over x we get R∞ = P (error) ≤ 2R∗.

Tighter Bound
To get the tighter upper bound of Equation (7.2), we need to be more careful. From
Equation (7.4), we get

P (error|x) = 1 − P (correct|x) = 2R∗(x) − 2(R∗(x))2.
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Then

R∞ = P (error) = E[2R∗(x) − 2(R∗(x))2]

= 2R∗ − 2 E[(R∗(x))2]

≤ 2R∗ − 2(R∗)2,

since the average of squares is greater than or equal to the square of the average.
Thus, R∞ ≤ 2R∗(1 − R∗).

7.4 USING MORE NEIGHBORS

Despite its simplicity, the NN rule has impressive performance. Yet, it is natural
to ask whether we can do any better. For example, why not use several neighbors,
rather than just the nearest neighbor?

This is a reasonable suggestion and in fact leads to useful extensions of the
(single) NN rule. For example, consider the k-NN rule, in which we use the k

nearest neighbors, for some fixed number k. With this rule, given an observed
feature vector x, we use the k nearest neighbors of x from among x1, . . . , xn, and
take a majority vote of the labels corresponding to these k nearest neighbors. Let
Rk∞ be the error rate of the k-NN rule in the limit of infinite data. We might expect
that Rk∞ improves (gets smaller) for larger k. This is often the case, but not always.
For example, under certain conditions it can be shown that

R∗ ≤ Rk
∞ ≤

(
1 + 1

k

)
R∗.

However, it can also be shown that there are some distributions for which the 1-NN
rule outperforms the k-NN rule for any fixed k > 1.

Another very useful idea is to let the number of neighbors used grow with n

(the amount of data we have). That is, we can let k be a function of n, so that we
use a kn-NN rule. If we do this, how should we choose kn?

We need kn → ∞ so that we use more and more neighbors as the amount of
training data increases. But we should make sure that kn

n
→ 0, so that asymptoti-

cally the number of neighbors we use is a negligible fraction of the total amount
of data. This will ensure that we use neighbors that get closer and closer to the
observed feature vector x. For example, we might let kn = √

n to satisfy both
conditions.

It turns out that with any such kn (such that kn → ∞ and kn/n → 0 are satisfied),
we get Rkn

n → R∗ as n → ∞. That is, in the limit as the amount of training data
grows, the performance of the kn-NN rule approaches that of the optimal Bayes
decision rule! What is surprising about this result is that by observing data but
without knowing anything about the underlying distributions, asymptotically we
can do as well as if we knew the underlying distributions completely. And, this
works without assuming that the underlying distributions take on any particular
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form or satisfy any stringent conditions. In this sense, the kn-NN rule is called
universally consistent , and is truly nonparametric learning in that the underlying
distributions can be arbitrary and we need no knowledge of their form. It was not
known until the early 1970s whether universally consistent rules existed, and it
was quite surprising when the kn-NN rules along with some others were shown to
be universally consistent. A number of such decision rules are known today.

However, universal consistency is not the end of the story. This is just an
asymptotic property (in the limit of infinite data), and “in the long run, we’re
all dead” (Keynes). A critical issue is that of convergence rates. Many results
on the convergence rates of the NN rule and other rules are known. A fairly
generic problem is that for most methods the rate of convergence is very slow in
high-dimensional spaces. This is a facet of the so-called “curse of dimensionality”
mentioned in Section 6.5. As we discussed, in many real applications the dimension
can be extremely large, which bodes ill for many methods. Furthermore, it can be
shown that there are no “universal” rates of convergence. That is, for any method,
one can always find distributions for which the convergence rate is arbitrarily
slow. Thus, as we also mentioned in Section 6.5 in the context of “No Free Lunch
Theorems,” there is no one method that can universally beat out all other methods.
These results make the field continue to be exciting, and makes the design of
good learning algorithms and the understanding of their performance an important
science and art. In the coming chapters, we discuss some other methods useful
in practice, as well as some results on what can be said with a finite amount of
training data (see Chapters 11, 12, and 13).

7.5 SUMMARY

In this chapter, we discussed a simple learning method that uses training data to
come up with a classification rule. The NN rule classifies a new example in the same
class as the nearest feature vector in the training data. Surprisingly, this simple rule
has a performance no worse than twice that of the optimal Bayes decision rule.
We gave a proof sketch for this result as well as slightly more refined result.
We then discussed the possibility of using more neighbors. By letting the number
of neighbors kn that we use grow with the data (so that kn → ∞), but such that
kn/n → 0, we can actually do as well as Bayes decision rule in the limit as n → ∞.
No knowledge or assumptions about the underlying distributions are needed, so that
this kn NN rule is an example of what are called universally consistent rules.

7.6 APPENDIX: WHEN PEOPLE USE NEAREST NEIGHBOR
REASONING

7.6.1 Who Is a Bachelor?

How do we decide whether someone is a bachelor? One theory is that we have
learned a definition or rule: a bachelor is an unmarried adult male person.
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But what about the Pope? He is an unmarried adult male person, but is he a
bachelor? Many people would say he is not. What about an unmarried adult male
who has been living with a woman “as man and wife,” although they are not legally
married. Many people would not consider that man a bachelor.

Furthermore, what about a man who is married but in the process of getting
a divorce, who has not lived with his legal wife for several years and has been
dating regularly. Many people say that he is a bachelor even though he is still
legally married.

Do people use nearest neighbor reasoning to decide what they think about these
cases?

7.6.2 Legal Reasoning

A court wants to decide whether a particular case falls under a legal rule, for
example the rule, “No vehicles are allowed in Princeton Park.” Some cases are
easy to classify, as when someone drives the family sedan into the park. That is
clearly forbidden by the rule, but other cases are less clear. Suppose a teenager
rides her bicycle into the park. Do bicycles count as vehicles under the rule? Do
wheelchairs? Rollerblades?

Or consider the legal rule that, if a will clearly specifies that the estate is left
to a particular person and that person is living and competent, then the person
in question is to inherit the estate. In most cases it is quite clear whether this
rule applies. But suppose that the person thus specified in the will has murdered
the deceased? Must that person inherit under this rule? Courts have ruled that the
person may not inherit.

Or consider the rule that, if one person’s wrongful act causes damage to another,
then the first person must reimburse the victim for the damage, except to the extent
that the victim was responsible for the damage. How does this rule apply to a case
in which a driver causes an accident that kills a woman’s husband and she has a
heart attack on learning of her husband’s death? Under this rule must the driver
reimburse the wife for her medical expenses and other damage she suffers because
of her heart attack?

Various factors enter into legal decisions about such hard cases, especially
including precedent . A court tries to give the fairest decision, given the facts
of the case and given prior decisions that courts have made in similar cases. Is the
present case more similar to previously decided case 1, in which case the plaintiff
should prevail, or is it more similar to previously decided case 2, in which case
the defendant should prevail? Reasoning from precedent is a version of a nearest
neighbor strategy for deciding new cases.

7.6.3 Moral Reasoning

In moral reasoning we try to find general principles that apply to particular cases
and we also test our general principles against our settled judgments about other
cases. So here too is a use of a nearest neighbor strategy.
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“Is it morally OK to raise animals for food?” Jack asks Jill. “Of course,” she
replies. “But would it be morally OK to raise people for food?” “Of course not,”
she says. Then what is the difference? Perhaps Jill thinks that people are different
from (other) animals in morally significant ways. Perhaps it is because people are
rational in ways that animals are not rational. But why does that matter? And what
about chimpanzees, which seem pretty smart, smarter than young human children?
And would it be morally okay to raise brain damaged people for food as long as
they will not ever be rational?

In moral reflection of this sort, you try to adjust some of your views in the light of
other “nearby” opinions you hold. Perhaps you try to reach a reflective equilibrium
(Rawls, 1971) between your principles and your particular views about examples
so that there is no conflict between principles.

7.7 QUESTIONS

1. a(a) What is the NN rule and how does the expected error from the use of this
rule compare with the Bayes error rate?

(b) What conditions on kn are required for the kn-NN rule to have an asymptotic
error rate equal to the Bayes error rate?

2. Recall that for the 1-NN rule, the region associated with a feature vector xi is
the set of all points that are closer to xi than to any of the other feature vectors
xj for j �= i. These are the Voronoi regions. Sketch the Voronoi regions for
feature vectors x1 = (0, 0), x2 = (0, 2), x3 = (2, 0), and x4 = (1, 1).

3. Come up with a case (i.e., give the prior probabilities and conditional densities)
in which the error rate of the NN rule equals the Bayes error rate, and briefly
explain why this happens in the case you give.

4. Describe as precisely as you can the tradeoffs of having a small kn versus a
large kn in the kn-nearest neighbor classifier. What happens in the extreme cases
when kn = 1 and when kn = n?

5. What conditions are required on kn for the kn-NN rule to be universally
consistent?

6. If we use a kn-NN rule with kn = n, what would be the resulting error rate in
terms of P (0), P (1), P (x|0), and P (x|1)?

7. Briefly discuss the following position. Under appropriate conditions, the kn-NN
rule is universally consistent, so the choice of features does not matter.
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Kernel Rules

In the previous chapter, we discussed the nearest neighbor rule, which is a con-
ceptually simple rule to learn from examples. Nearest neighbor rules fix a number
of neighbors and take a majority vote among these neighbors, regardless of how
far away they might be from the example to be classified. In this chapter, we start
with a variant of this in which we fix a distance and take a majority vote among all
neighbors within this distance, regardless of how many there are. This is a special
case of a broad and important class of methods called kernel rules.

8.1 MOTIVATION

Recall that in order to classify a feature vector x, nearest neighbor rules fix a
number of neighbors kn, and then take a majority vote of the labels associated with
those kn feature vectors among the x1, . . . , xn that are closest to x. By choosing
kn appropriately (namely, kn → ∞ and kn/n → 0), we can guarantee universal
consistency. That is, by choosing kn to satisfy these conditions, we guarantee that,
as the amount of training data grows, the performance of the nearest neighbor
rule approaches the performance of the optimal Bayes decision rule without any
restrictions or prior knowledge regarding the underlying distributions.

These two conditions on kn ensure that when classifying a feature vector x, as
the data increases we use more and more of the training examples in the majority
vote, and yet these examples will become closer and closer to x. The fact that
we use an increasing number of examples is directly enforced by the condition
kn → ∞. The same number of neighbors (namely, kn) is used regardless of where
the feature vector x is located.

The fact that the neighbors we use get increasingly close to x may not be
immediately clear. How far away the kn neighbors are depends on the location
of x and on the locations x1, . . . , xn of the training examples. If x is in a region

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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where there are very few previous xi , then the kn-th nearest neighbor might not
be very nearby at all. Recall that x is drawn from some (unknown) probability
distribution P (x) (or density p(x)) and so will be in places where this distribution
has nonzero probability (or nonzero probability density in a neighborhood of x).
But the previous examples x1, . . . , xn are drawn from the same distribution. Hence,
it is also likely that some of the xi will fall in the same area as x.

In fact, if a small neighborhood around x has some probability α, then we
would expect that a proportion roughly α of the n examples (i.e., αn examples)
would fall in that small neighborhood. The condition kn/n → 0 guarantees that
the fraction of all the examples we consider as neighbors goes to zero since kn/n

is precisely the fraction of training examples that are considered. Alternatively,
note that since kn/n → 0 eventually we have kn/n < α, so that kn < αn. So the
number kn of neighbors used is eventually less than the number αn we expect
in the small neighborhood around x. This argument can be made precise to show
that the condition kn/n → 0 guarantees that with probability approaching 1, the
neighbors we use get closer and closer to x. Of course, exactly how close they are
will depend on the locations of x and x1, . . . , xn.

8.2 A VARIATION ON NEAREST NEIGHBOR RULES

The above discussion suggests considering a rule slightly different from the nearest
neighbor rule that still guarantees that we use an increasing number of examples
that get closer to x. Rather than fixing the number of neighbors, fix a distance h

and consider all examples from among x1, . . . , xn that fall within a distance h of
x. Let us classify x according to the majority vote of the labels yi of all these
neighbors within a distance h of x. If none of the xi falls within a distance h or
if there is a tie in the majority vote, we need some way to decide in these cases.
Some natural choices are to decide randomly or always select class 0 (or class 1)
in such a case.

To specify the rule more precisely, we need some notation. Let B(x, h) denote
the closed ball of radius h centered at x. That is, B(x, h) contains all the feature
vectors that are a distance h or less from x. Mathematically, given a d-dimensional
feature space,

B(x, h) = {
z ∈ Rd | ‖x − z‖ ≤ h

}
.

Let IA denote the indicator function of an event A, where IA = 1 if A is true
and IA = 0 if A is false. Let

v0
n(x) =

n∑
i=1

I{yi=0 and xi∈B(x,h)}

and let

v1
n(x) =

n∑
i=1

I{yi=1 and xi∈B(x,h)}.
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The quantities v0
n(x) and v1

n(x) denote the vote counts for class 0 and class 1,
respectively, that is, the number of examples labeled 0 and 1, respectively, that are
within a distance h of x.

Consider the following classification rule.

gn(x) =
{

0 if v0
n(x) ≥ v1

n(x)

1 otherwise.

In other words, the classification rule gn(x) assigns x to class 1 if and only if,
among the training points within a distance h of x, there are more points labeled 1
than those labeled 0.

As with nearest neighbor rules, this rule classifies a feature vector x ∈ Rd accord-
ing to a majority vote among the labels of the training points xi in the vicinity of
x. However, while the nearest neighbor rule classifies x on the basis of a specified
number kn of training examples that are closest to x, this rule considers all xi’s
that are within a fixed distance h of x. The rule we have been discussing is the
simplest example of a very general class of rules call kernel rules.

8.3 KERNEL RULES

The simple rule discussed above is sometimes called the moving window classifier.
Consider a “window function” or “kernel” defined as follows:

K(x) =
{

1 if ‖x‖ ≤ 1

0 otherwise.
(8.1)

This function is 1 inside the closed ball of radius 1 centered at the origin, and 0
otherwise (see Figure 8.1). Therefore, the function K(x/h) is 1 inside the closed
ball of radius h centered at the origin, and 0 otherwise. Then for a fixed xi , the
function K(

z−xi

h
) is 1 inside the closed ball of radius h centered at xi , and 0

otherwise (see Figure 8.2). Thus, by choosing the argument of K(·) appropriately,
we have “moved” the window to be centered at the point xi and to be of radius h.

Figure 8.1 Basic window kernel.
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Figure 8.2 Moving window kernels.

We can then write the vote counts v0
n(x) and v1

n(x) as follows:

v0
n (x) =

n∑
i=1

I{yi=0}K
(

x − xi

h

)

and

v1
n (x) =

n∑
i=1

I{yi=1}K
(

x − xi

h

)
.

These are really just different expressions for counting up the votes for the
two classes in terms of the kernel function K(·). However, written in this way,
it naturally suggests that we might pick a different function K(·). For example, it
makes sense that training examples very close to x should have more influence (or
a larger weight) in determining the classification of x than those that are farther
away. The moving window rule gives equal weight to all points within a distance h

and zero weight to all other points. A smoother transition can be accomplished with
different choices for the function K(·). With more general functions, we usually
refer to K(·) as a kernel function (or, simply, kernel). We can consider a general
kernel function K:Rd → R. Such a function is usually non-negative and is often
monotonically decreasing along rays starting from the origin.

The special choice K(x) = I{x∈B(0,1)} is just the moving window rule we started
with. Some other popular choices for kernel functions include (see Figures 8.3–8.6)

Triangular kernel: K(x) = (1 − ‖x‖)I{‖x‖≤1}.

Gaussian kernel: K(x) = e−‖x‖2
.

Cauchy kernel: K(x) = 1/(1 + ‖x‖d+1).

Epanechnikov kernel: K(x) = (1 − ‖x‖2)I{‖x‖≤1}.

The positive number h in K(
z−xi

h
) plays a role similar to that in the original case

and is called the smoothing factor , or bandwidth . Recall that in the special case of
a uniform kernel, h denoted the distance within which training examples were used
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Figure 8.3 Triangular kernel.

Figure 8.4 Gaussian kernel.

Figure 8.5 Cauchy kernel for d = 2.

in the voting for the classification of x. It plays a similar role now, but the voting is
weighted. The smoothing factor is the most important parameter of a kernel rule. If
h is small, the rule gives large relative weight to points near x, and the decision is
very “local,” while for a large h many more points are considered with fairly large
weight, but these points can be farther from x. Hence, h determines the amount of
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1-1

1

x

y

Figure 8.6 Epanechnikov kernel.

“smoothing.” In choosing a value for h, one confronts a similar kind of tradeoff as
in choosing the number of neighbors using a nearest neighbor rule.

The kernel rule adds up the contributions from the kernel function due to all
points labeled 0 and those points labeled 1, respectively, giving the (weighted) votes
v0

n(x) and v1
n(x). The classification of x is based on whichever of these is greater.

8.4 UNIVERSAL CONSISTENCY OF KERNEL RULES

As with the nearest neighbor rule, we would like some results on the performance
of kernel rules. For example, a natural question is whether there are choices for the
kernel function K and the smoothing factor h that lead to universally consistent
rules. That is, can we guarantee that as we get more and more training examples,
the performance of the kernel rule will approach that of the optimal Bayes decision
rule regardless of the underlying probability distributions?

Recall that the smoothing factor h is analogous to the number of neighbors used
in nearest neighbor rules. As we might expect, to get universal consistency, we
need to let the smoothing factor depend on the amount of data, so we let h = hn.

To make sure that we get “locality” (i.e., so that the training examples used
get closer to x), we need to have limn→∞ hn = 0. To make sure that the number
of training examples used grows, we need to have limn→∞ nhd

n = ∞. Recall that
x ∈ Rd so that d is the dimension of the feature space. The intuition for this is
as follows. Consider the uniform kernel so that a training example is used if it is
within a distance hn of x. The volume of a d-dimensional ball of radius hn centered
at x is proportional to hd

n. Since with very high probability, the feature vector x will
fall where the probability density p(x) is positive, the probability that a particular
xi falls in the ball of radius hn centered at x is approximately proportional to
the volume of this ball for sufficiently small hn, and thus is proportional to hd

n.
Hence, out of n training examples, the expected number that fall within hn of x is
proportional to nhd

n. Since this tends to infinity as n → ∞, the number of training
examples used also tends to infinity.

These two conditions (hn → 0 and nhd
n → ∞) are analogous to the conditions

imposed on kn to get universal consistency. In addition to these two conditions,
to show universal consistency we need certain fairly mild regularity conditions on
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the kernel function K(·). In particular, we need K(·) to be non-negative, and over
a small neighborhood of the origin K(·) is required to be larger than some fixed
positive number b > 0. The last requirement is more technical but as a special case,
it is enough if we require that K(·) be non-increasing with the distance from the
origin and have finite volume under the kernel function. The more general technical
conditions can be found, for example, in Devroye et al . (1996). It can be shown
that if the kernel satisfies the required regularity conditions and we choose hn → 0
and nhd

n → ∞, then the kernel classification rule is universally consistent.

8.5 POTENTIAL FUNCTIONS

The basic kernel classifier computes a vote count for each class by adding up the
contributions from the kernel function at each of the training examples. Then a
decision is made on the basis of which vote count is larger.

A slightly different formulation is in terms of what is called a potential function
or discriminant function . In this formulation, instead of the vote counts for the two
classes, we think of points labeled 1 as adding to the potential function and points
labeled 0 as subtracting from it. That is, we compute the potential function

f (x) =
n∑

i=1

(2yi − 1)K

(
x − xi

h

)

and then classify x according to whether f (x) > 0 or f (x) < 0. Note that the term
(2yi − 1) gives 1 if the label yi = 1 and gives −1 if yi = 0. Thus, it provides the
positive or negative contribution accordingly.

The reason for the name potential function is that we can think of the points
labeled 1 as having a positive charge and those labeled 0 as having a negative
charge. The kernel function is thought of as the “potential field” generated by
a charge, with the appropriate sign depending on the label. The set of training
examples each contribute to the total potential field. Then the point x is classified
according to whether the potential at x is positive or negative. The potential function
is really just a different way of expressing the basic kernel rule. If the potential
function is positive at x, then the vote count for class 1 is greater than the vote
count for class 0, while the opposite is true if the potential function is negative at x.

An important extension to the basic kernel rule allows a similar potential function
(or vote count) computation to be done using a new set of points rather than
the original training examples. First, some other process uses the training data
to compute the new set of points z1, . . . , zk , with associated weights a1, . . . , ak

and associated “scales” h1, . . . , hk . For example, the training examples might be
clustered into groups and one representative zi is chosen for each cluster. The
weight ai might be the number of original training examples in the cluster. The
feature vector x is then classified according to the sign of the potential function

f (x) =
k∑

i=1

aiK

(
x − zi

hi

)
.
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The number of these new points k does not need to be the same as the number
of original training examples n. In fact, often k is much smaller than n. Doing this
with k � n can provide significant computational advantages.

Other examples that can be formulated in terms of potential functions include
radial basis function classifiers (closely related to neural networks) and support
vector machines, which we discuss in later chapters.

Such methods have been widely studied for both classification and estimation.
Of course, we can obtain the standard kernel classifier as a special case by taking
k = n, ai = 2yi − 1, hi = h, and zi = xi .

8.6 MORE GENERAL KERNELS

We started this chapter by considering a sort of dual of nearest neighbor rules that
led to the moving window classifier, and we showed how this could be written in
terms of the window function in Equation (8.1). We then discussed how we could
use more general kernel functions K(x). We now describe a further generalization
of the form of the kernel function.

So far, all the kernel functions we have considered have been a function of a
single variable x. Moreover, K(x) was always a function of just ‖x‖, the magnitude
of the vector x. When applied to the data, the argument of the kernel involved
x − xi , so that the computations involved ‖x − xi‖, which is the distance between
x and xi . The shape of typical kernels is such that more weight is given when x is
close to xi , so that ‖x − xi‖ is small. The amount of weight decays (and eventually
is zero) as the distance between x and xi gets large. However, because the form
of the kernels we have been considering involves only ‖x − xi‖, the weight given
does not depend on what direction x is from xi , but depends on only the distance.

It turns out that even more general kernels can be considered that are of the form
K(x, xi). This allows more fine tuning of how much weight is given depending
on x and xi . With this more general kernel, the scale factors are often absorbed
directly into the choice of the kernel function. Since the scale factors generally
depend on the number of training examples, we can write Kn(x, xi) for the choice
of the kernel function.

As we described in the previous section, we could use these more general
kernels on a new set of points z1, . . . , zk instead of the original training data, and
we can allow for an associated set of weights a1, . . . , ak. Note that the weights ai

are generally functions of the training data, so that ai = ai((x1, y1), . . . , (xn, yn)).
Finally, we can also allow the kernel function to depend on the index i, so that
the kernel function is Kn,i(x, xi). As with the ai , the choice of Kn,i(x, xi) would
typically depend on the training data (x1, y1), . . . , (xn, yn). For example, the choice
of the scale factor that is absorbed in Kn,i(x, zi) might depend on how many of
the training examples are in the vicinity of zi .

With the above generality, the potential function becomes

f (x) =
k∑

i=1

aiKn,i (x, zi)
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and the decision rule is as before, namely x is classified as 0 or 1, depending on
whether f (x) < 0 or f (x) > 0, respectively.

This general form of kernel classifier results in the broad class of so-called
kernel methods, a special case of which are support vector machines, which are
discussed in Chapter 17. Of course, as before, to be able to make statements on
the performance of the resulting learning rules, appropriate regularity conditions
on the kernel functions and the weights are needed.

8.7 SUMMARY

We started this chapter by motivating the simplest kernel method as a variant of
the kn nearest neighbor rule. Rather than fixing the number of neighbors, in the
simplest kernel method we fix a distance h, and classify a feature vector x on the
basis of a majority vote of the labels of those training examples that fall within
h of x. This method can be viewed as follows. We place a kernel or “window
function” that is 1 inside a ball of radius h around each example labeled 0 and add
up the contributions. We then do the same thing with all the examples labeled 1. We
classify the point x according to whether the contributions at x from the examples
labeled 0 are greater than those from the examples labeled 1.

By allowing more general kernel functions K(x), we obtain the more general
kernel classification rule. These kernels allow smoother transition in the weighting
given to examples on the basis of their distance from the point to be classified. An
important parameter is the smoothing factor or bandwidth h, which plays a role
analogous to that of the distance h in the case of the simplest kernel. Generally,
the choice of h will depend on the number of training examples n, so that we
write h = hn. By choosing hn → 0, we guarantee that in the limit only training
examples increasingly near to the point being classified will be used. By choosing
hn such that nhd

n → ∞, we guarantee that in the limit we will use an increasing
number of training examples. With these two conditions, which are analogous to the
conditions on kn for the nearest neighbor rule, the kernel rule will be universally
consistent. That is, the performance of the kernel rule will approach that of the
optimal Bayes decision rule as we get more and more data, no matter what the
underlying probability distributions are.

The kernel rules can be recast in terms of potential functions (also called discrim-
inant functions). Furthermore, the kernels can be generalized to the form K(x, xi).
This, together with the idea of using a new set of points z1, . . . , zk obtained from
the original training examples and the associated weights a1, . . . , ak results in a
very general form of so-called kernel methods.

8.8 APPENDIX: KERNELS, SIMILARITY, AND FEATURES

The intuition of nearest neighbor methods is that if feature vectors are nearby one
another then the classification of these feature vectors should be similar. That is
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why the best decision for classifying x can be determined by the class of the nearest
neighbors of x.

The idea of kernels extends this idea in various ways, from the simple window
function to kernels of the form K(x) to general kernels of the form K(x, xi).
We can think of K(x, xi) as measuring how similar x is to xi , or perhaps more
correctly how much the classification of xi should influence the classification of x.

With most commonly used kernels, this measure of similarity is closely related
to the Euclidean distance between the feature vectors x and xi , albeit weighted in
some way depending on the exact shape of K(x, xi). But why should this be the
case? Why should nearby feature vectors be classified similarly?

The answer is that we normally pick features that are aligned well with the
structure of the problem. If this is not the case, then the intuition of similar features
leading to similar classification can fall apart. For example, consider the following
two problems.

In Problem 1, we have a binary feature vector x ∈ {0, 1}d . That is
x = (x1, . . . , xd) with x1, . . . , xd ∈ {0, 1}. The classification problem is one ver-
sion of the exclusive-or problem (which we will see in Chapter 9). In this version,
x is classified as 0 if x1 + · · · + xd is even and x is classified as 1 otherwise.

In Problem 2, the classification problem is the same, but instead of using the
features x1, . . . , xd , we use a new set of features z1, . . . , zd defined as follows.
z1 = x1, z2 = x1 ⊕ x2, z3 = x1 ⊕ x2 ⊕ x3, . . . , zd = x1 ⊕ x2 ⊕ x3 · · · ⊕ xd , where
⊕ denotes the exclusive-or operation just mentioned.

In Problem 1, the classification depends critically on all the features. A change
in any of the xi changes the classification of x. On the other hand, in Problem 2
the only feature that matters is zd . The original feature vector is classified as 0 or
1 according to zd . All the other zi are irrelevant. Thus, the zi capture the structure
of the problem in a way radically different than the xi . However, no information
is lost in this transformation.

Different learning methods will perform very differently depending on whether
the features xi or zi are used. On the other hand, it might be surprising that
universal consistency results guarantee that a universally consistent method will
eventually learn a good decision rule, even when features are not well aligned with
the structure in the problem. Of course, the catch is in the term “eventually.” If
the features are not appropriate to the classification problem, then learning can
require an exceedingly large number of training examples. The choice of features
can change an extremely difficult problem to a trivial one. Thus, in any practical
applications, feature selection is a very important consideration. While there are a
number of theoretical tools available, a good understanding of the application is
crucial and feature selection often is much more of an art than a science.

8.9 QUESTIONS

1. For the simplest kernel classification rule, what choices of the smoothing
parameter h are analogous to selecting kn = 1 and kn = n, respectively, in
the nearest neighbor rule? What happens to the error in these extreme cases?
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2. Write the expression for the vote count for class 0, v0
n (x) in terms of the data

(x1, �1), . . . , (xn, �n), indicator functions, and the kernel K(x).

3. For a one-dimensional feature x, sketch the simple kernel function K(x) =
I{|x|≤1}.

4. For a one-dimensional feature x, write the equation for the triangular kernel
function, K(x).

5. For the kernel function of the previous problem, smoothing factor h = 0.5 and
xi = 3, sketch K(

x−xi

h
).

6. What conditions are required on the smoothing parameter hn for a kernel rule
to be universally consistent?

7. True or False: The decision rules arising from using a kernel method with two
different kernel functions, K1(x) and K2(x) = 2K1(x), are exactly the same.

8. True or False: There might be some set of labeled data (training examples)
such that the 1-nearest neighbor method and the Kernel method (for some
K(x) of your choice) can give exactly the same decision for any observed
feature vector.

9. Consider the special case where we have a 1-dimensional feature vector and
are interested in using a kernel rule. Suppose we have the training data (0,0),
(1,1), and (3,0), and we use the simple moving window classifier (i.e., with
kernel function K(x) = 1 for |x| ≤ 1 and K(x) = 0 otherwise).

(a) Sketch the functions v0
3(x) and v1

3(x) for h = 0.5 and the classification
rule. Indicate where there are ties. (Note the subscript simply denotes the
fact that we have three training examples.)

(b) Repeat part (a) for h = 1.
(c) Repeat part (a) for h = 2.
(d) What happens for h ≥ 2.

10. Repeat parts (a), (b), and (c) of the previous problem for the triangular kernel.
For part (d), find the value h for which the classification rule first decides 0
for all x.
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C H A P T E R 9

Neural Networks: Perceptrons

Neural networks (or neural nets or artificial neural networks) are collections of (usu-
ally simple) processing units, each of which is connected to many other units. The
modern study of neural networks is often considered to have begun in 1943 with the
publication of a paper by McCulloch and Pitts. Such a network resembles a brain
with neurons as processing units and synapses as connections between the units.

One of the original motivations for studying such networks was to model the
brain, which is the origin of the term “neural networks” and other terminology in
this area. Other motivations include the study of massively parallel and distributed
computation, and the use of such networks for learning problems. To distinguish
these motivations from that of modeling the brain, sometimes the term “artificial
neural networks” is used, although it is simpler and more common to drop the term
“artificial” as we do.

9.1 MULTILAYER FEEDFORWARD NETWORKS

A human brain has on the order of 1011 (100 billion) neurons and 1016 (10
quadrillion) synapses. Neural nets used in practical learning problems have far
fewer units and connections. However, even with tens or hundreds of units and
several times that many connections, a network rapidly can get complicated.

A small network with a fairly simple structure is shown in Figure 9.1. The pro-
cessing units (neurons) are depicted by circles. The connections (synapses) are indi-
cated by arrows. These are directed connections, in which the output of one neuron
(without the arrow head) serves as an input to another neuron (with the arrow head).
Bidirectional connections can be obtained by adding another arrow in the opposite
direction. We discuss the details of the inputs and outputs in the next section, but
first we discuss some general issues regarding the architecture of the network.

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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Figure 9.1 Neural net.

Understanding the behavior of even small networks such as that in Figure 9.1
can be difficult. One immediate problem is that there is no clear “output” of the
network. This could be easily solved by designating one or more of the neurons
as output neurons, and letting the network output be defined by the computation
performed by the output units. However, a more fundamental problem is that there
are “feedback” loops in the connectivity structure of the network. The output of a
neuron can serve as inputs to others, which (via still others) come back and serve
as inputs to the original neuron. The existence of such loops makes it difficult to
define the “result” of the computation performed by the network. The network is
a dynamic system that may or may not settle into some stable result.

In some applications, such dynamic properties can be useful, but we con-
sider a special class of networks that avoids the problems caused by feedback
loops—multilayer feedforward networks (Figure 9.2).

The units in a multilayer feedforward network are organized in layers, with the
output of neurons in one layer serving as the inputs to the neurons in the next
layer. Because there are no feedback loops, the behavior of the network is simple
to compute.

The first layer receives external inputs, which, as we are going to see shortly,
will be features of the objects we wish to classify. The output of each unit in
this layer is computed. Once we know these output values, we know all of the
inputs to the units in the next layer. Proceeding in this manner, we eventually find
the outputs of the last layer (called the output layer), which gives the final result
computed by the network for the given input.

9.2 NEURAL NETWORKS FOR LEARNING AND CLASSIFICATION

Feedforward neural networks can be used to solve the pattern recognition problem
discussed earlier. The inputs to the first layer are the features of the object we wish
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Figure 9.2 Feedforward network.

to classify. The last layer is the output layer, which in our case consists of just
one unit. Therefore, there is a single output value for the network, which gives
the class to which the network assigns the input feature vector. In some cases, the
output value will take on only two values (say 0 and 1, or −1 and 1). In such
cases, the classification of the network is obvious. An output of 0 (or −1) means
that the input feature vector is assigned to class 0, while an output of 1 means that
the feature vector is assigned to class 1.

In some cases, the output of the network might take on arbitrary real values. In
this situation, another step called thresholding is generally performed to obtain the
classification. This involves comparing the output of the network with some value
called a threshold. If the output is larger than the threshold, the input feature vector
is assigned to class 1; otherwise, it is assigned to class 0.

Given any feature vector, if we apply this feature vector as an input to the
network, then we will get one of the two classes as the output of the network. The
network implements a classification rule, mapping feature vectors to {0, 1}.

The particular classification rule implemented by a network is determined by the
specifics of the network architecture and the computation done by each neuron. A
crucial part of the network computation is a set of parameters called weights. There
is usually a real-valued weight associated with each connection between units. The
weights are generally considered to be adjustable, while the rest of the network is
usually thought of as fixed. Thus, we think of the classification rule implemented
by the network as being determined by the weights, and this classification rule can
be altered if we change the weights.

To solve a given pattern recognition problem with a neural net, we need a set of
weights that results in a good classification rule. As we discussed previously, it is
difficult to directly specify good decision rules in most practical situations, and this
is made even more difficult by the complexity of the computation performed by
the neural net. So, how should we go about selecting the weights of the network?
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This is where learning comes in. Suppose we start with some initial set of
weights. It is unlikely that the weights we start with will result in a very good
classification rule. But, as before, let us assume that we have a set of labeled
examples (training data). If we use this data to “train” the network to perform well
on this data, then perhaps the network will also “generalize” and provide a decision
rule that works well on new data. The success of neural networks in many practical
problems is due to an efficient way of training a given network to perform well on
a set of training examples, together with the fact that in many cases the resulting
decision rule does in fact generalize well.

9.3 PERCEPTRONS

A natural place to start a more detailed discussion is a single unit. A perceptron,
depicted in Figure 9.3, is one such unit with simple behavior.

The inputs are denoted by x1, x2, . . . , xd , which, as mentioned before, make up
the feature vector x ∈ Rd . Each input xi is connected to the unit with an associated
weight wi .

The output a of the perceptron is given by

a = sign(x1w1 + · · · + xdwd).

The function sign(·) returns the sign of the input argument. That is,

sign(u) =
{

−1 if u < 0

1 otherwise.

In the expression for the output of a perceptron, the argument of the sign function
is just a weighted combination of the features. Each feature xi is multiplied by the
corresponding weight wi and these products are then summed. The output of the
perceptron is either −1 (which corresponds to class 0) or 1 (which corresponds to
class 1), depending on the sign of the weighted combination x1w1 + · · · + xdwd .

x1

x2

xd

...

...

...

w1

w2

wd

(1 or −1)

Figure 9.3 Perceptron.
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9.3.1 Threshold

The sort of perceptron just described has a threshold of 0. It outputs 1 if the
weighted combination of inputs is greater than 0 and outputs −1 if the weighted
combination of inputs is less than 0. Perceptrons can have other thresholds as well,
for example, 0.5, in which case the output is 1 if the weighted combination of the
inputs is greater than or equal to 0.5.

Often it is convenient to consider only units with a threshold of 0, as we do
here. One might think that this is rather restrictive. However, if we allow adding
another input, then a unit with a nonzero threshold can be mimicked by a unit with
a zero threshold (and an extra input). This is done by setting the value of the extra
input, say x0, to the constant value 1. Then the weight w0 associated with this input
effectively serves as a threshold. The output of the perceptron is 1 if

x0w0 + x1w1 + · · · + xdwd ≥ 0.

Since x0 = 1, the output is 1 if

x1w1 + · · · + xdwd ≥ −w0.

So this behaves just like a perceptron with threshold −w0.

9.4 LEARNING RULE FOR PERCEPTRONS

As discussed, the classification rule computed by the perceptron is stored in (or,
more precisely, determined by) the weights. Learning involves adapting the weights
on the basis of available training data. Suppose we consider the examples in the
training data one by one. Let x = (x1, . . . , xd) denote the feature vector of the
current example under consideration and let t denote the label corresponding to
this example. t stands for “target” and is either −1 or 1, indicating the class to
which the given feature vector is assigned. On the basis of this example, should
the weights of the network be adjusted and, if so, how?

If a = t , then this means that the network with the current weights already
classifies the given example correctly. In this case, it makes sense not to change
the weights, at least on the basis of the current labeled example.
On the other hand, if a �= t , then the network with the current weights classifies
the current training example incorrectly. In this case, we want to adjust the weights
somewhat. Let �wj denote the amount by which weight wj is to be adjusted.

One reasonable choice for �wj is to take

�wj = c(t − a)xj . (9.1)

where c is some positive constant. To see the reason for this choice, consider a
special case. Suppose that the target class is t = 1 but that the network computes an
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output a = −1. This means that the weighted sum x1w1 + · · · + xdwd is negative,
but to get a correct classification on this example, the weighted sum would need
to be positive. (Recall that we are assuming a threshold of 0.)

Therefore, if we are going to adjust the weight wj , it would make sense to do so
in a way that increases the weighted sum x1w1 + · · · + xdwd . The only influence
wj has on the weighted sum comes through the term xjwj . If we change wj to
wj + �wj , then the term (�wj)xj gets added to the weighted sum.

If the feature xj is positive, we can increase the weighted sum by increasing
the weight wj (i.e., by having �wj be positive). But, if xj is negative, to increase
the weighted sum we need to decrease wj (i.e., have �wj be negative). Hence,
for t = 1 and a = −1, the sign of �wj should be the same as the sign of xj . The
choice for �wj given in Equation (9.1) does exactly this, since c is positive and
t − a = 2 is also positive.

Now, consider the case that t = −1 but a = 1. In this case, the weighted sum
x1w1 + · · · + xdwd is greater than 0 (since we have the actual output a = 1), but we
need the weighted sum to be less than 0 (since the target output is t = −1). There-
fore, we would like to decrease the weighted sum. This can be accomplished by
having �wj have the opposite sign as xj , so that the quantity (�wj )xj (the amount
by which the weighted sum changes) is negative. Again, the choice given above
for �wj accomplishes this, since in this case the term t − a = −2 is negative.

Although the adjustment to the weights given above is in the right direction, it
still may not be enough to make the network classify the example correctly. This
is actually a good thing, since otherwise the weights might get changed drastically
back and forth as we use each successive labeled example. By choosing a constant
c that is not too large, we make gradual adjustments to the weights. But to make
sure that we do a good job in classifying all the training examples, we cycle through
the training examples several times.

To summarize, this learning rule, called the Perceptron Convergence Procedure,
is as follows:

Perceptron Convergence Procedure

1. Choose some initial values for all the weights and for the constant c.

2. Repeatedly cycle through the training examples. For each training example
considered, adjust the weights according to the equation

�wj = c(t − a)xj . (9.2)

It can be shown that after cycling through the training examples sufficient
number of times, this “learning rule” will eventually classify all the training data
correctly assuming that the perceptron is capable of classifying the training data
correctly . When this result was obtained by Rosenblatt 1960, it generated a great
deal of excitement over perceptrons, by showing that a simple learning rule was
available through which a perceptron would provably learn to classify training data
correctly whenever it was possible for a perceptron to classify the data correctly.
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9.5 REPRESENTATIONAL CAPABILITIES OF PERCEPTRONS

The excitement over perceptrons was forcefully diminished with the 1969 publica-
tion of Perceptrons by computer scientists Minsky and Papert. In this book, they
observed that the condition “assuming that the perceptron is capable of classifying
the training data correctly” is severely limiting. That is, they observed that the class
of decision rules that a perceptron is capable of representing (through adjustments
of the weights) is very restrictive.

Recall that the output of a perceptron is given by

a = sign(x1w1 + · · · + xdwd).

For a fixed set of weights, the set of feature vectors gets partitioned into two
classes based on the sign of the weighted sum x1w1 + · · · + xdwd . Specifically,
the feature vector (x1, . . . , xd) gets classified as follows:

x1w1 + · · · + xdwd ≥ 0 �⇒ class 1

and

x1w1 + · · · + xdwd < 0 �⇒ class 0.

The boundary of these two classes is given by the equation

x1w1 + · · · + xdwd = 0,

which describes a hyperplane in Rd . Thus, no matter how we adjust the weights,
the only types of decision regions the perceptron can represent are those with a
hyperplane decision boundary. In fact, with a threshold of 0 as we have been
assuming, the hyperplane must pass through the origin. In the general case, with
a nonzero threshold, the decision boundary must still be a hyperplane but the
hyperplane need not go through the origin. However, by adding an extra input as
we discussed before (which corresponds to increasing the dimension by one), a
hyperplane decision rule in Rd not passing through the origin can be mimicked by
one in Rd+1 that does pass through the origin.

In other words, the only time a perceptron can classify all the training examples
correctly is when the examples are linearly separable. This means that there is a
hyperplane in Rd that separates the training examples such that all the examples
labeled +1 are on one side of the hyperplane, and those labeled −1 are on the other
side of the hyperplane. Figure 9.4 shows this idea in two dimensions, in which case
the hyperplane is just a straight line. A perceptron can only represent classes that
are linearly separable and so can only “learn” classes that are linearly separable.

One well-known example of a problem that cannot be solved by perceptrons is
the so-called exclusive-OR (XOR) problem. Suppose we have just two features x1

and x2. Feature vectors belong to class 1 if x1 or x2 (but not both) are positive.
Then, as depicted in Figure 9.5, the first and third quadrants correspond to class 0,
while the second and fourth quadrants correspond to class 1. Clearly, these regions
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Figure 9.4 Hyperplane decision rules. In R2 these are just straight lines.

are not linearly separable, and so perceptrons cannot even represent the decision
rule needed to solve this simple problem.

Several points need to be made. As discussed in Chapter 4, for various reasons
in most practical problems the two classes are not completely disjoint. There is
typically overlap, and we use a probabilistic formulation to model the relationships
between the feature vectors of objects and the class to which the object belongs.
Thus, generally, we should not expect training data to be linearly separable.

In fact, forcing a learning algorithm to perfectly separate the training data is often
a bad thing to do, since it tends to “fit to noise” and results in overly complex rules
that do not perform well on future (unseen) examples. What is more important than
perfect separation of the training data is to come up with good classifiers in the
sense of Chapter 4 (e.g., the optimal Bayes decision rule).
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Figure 9.5 XOR Representation problem for perceptrons.

Linear classifiers (such as the perceptron) have been extremely well studied,
and in some applications, the best linear decision rule may be good enough (or
even optimal). The perceptron can be used in these cases to come up with good
linear decision rules. So, perceptrons (and linear decision rules in general) are
more useful than linear separability and the exclusive-OR example might lead
one to believe. In spite of this, some attribute the decline of interest in neural
nets in the 1970s to negative results on perceptrons. At that time, it was unclear
whether multilayer networks (as opposed to just a single unit) would overcome the
limitations of perceptrons. For several years, there were no clear negative results
on multilayer networks, but also no clear positive results, because of the lack of
adequate learning rules for adjusting the weights. In the mid 1980s, results in
several directions including an algorithm (called back-propagation) for adjusting
the weights of a multilayer network were discovered. This led to an explosion of
interest in neural nets and is the subject of the next chapter.

9.6 SUMMARY

Some classification functions can be represented as feedforward multilayer neu-
ral networks. Given the data about an object to be classified, the network outputs
a decision about the classification of the object. Such networks can be “trained”
to give good classifications by trying them out on known cases and by adjusting
weights of connections in the network so as to improve the resulting classifications
on the training data. We started by considering how to train a very simple “net-
work” consisting of just a single unit called a perceptron. This method allows a
perceptron to be trained so as to eventually result in a rule that correctly classifies
the training examples, whenever it is possible for the perceptron to separate the
training examples. Unfortunately, perceptrons are quite limited in the classification
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rules that they can represent, being able to represent only linear (hyperplanar) deci-
sion rules. In the next chapter, we consider multilayer networks that overcome the
representational limitations of perceptrons.

9.7 APPENDIX: MODELS OF MIND

Neural net models of mind are different from many earlier models. Here we provide
a short account of the differences.

Descartes (1641) made a sharp distinction between mind and body—between
the ways in which conscious thoughts could be explained and the ways in which
physical events could be explained. Conscious reasoning and choice was to be
explained in terms of reasons and free will. Physical events could be explained
purely mechanically. Mental and physical events were therefore subject to different
sorts of principles. There was an interesting question how the mind and body might
interact, as when the mind is affected by perception of physical events and when
the body is affected by mental decisions to act in one or another way. Descartes
thought that the locus of interaction was the pineal gland in the brain, although the
principles of such causal interaction were unclear.

Worries about Cartesian dualism led some theorists to propose that the mind
is simply an aspect of the physical brain. Thoughts and sensations were to be
identified with physical events. But it was unclear how such an identification could
be possible.

The digital computers of the 1940s and 1950s led many theorists to think of the
brain as a serial process digital computer and to identify thoughts and other mental
events with the sorts of events that occur when a digital computer runs a program.
Some models of mind in that period agreed with Descartes that mental processes
are conscious processes of thought, especially reasoning, which might be identified
with symbol processing , in a computer, where the symbols are words and phrases
in a natural language or the sorts of symbols used in mathematics and formal
logic.

For a while, researchers developed models of what they took to be aspects of
mind by writing computer programs that might simulate how people consciously
solve certain sorts of problems. One hope at the time was that such programs would
constitute substantive psychological theories of how people reason. Another was
that the programs would result in a kind of artificial intelligence that did better
than people at certain tasks.

Soon such models were extended to production systems using parallel process-
ing by spreading activation . Production rules would fire when certain conditions
were met by activated symbolic expressions; the results of such firing would make
more symbolic expressions active; this sort of process would amount to a kind of
inference or reasoning.

In these models not all mental activity was conscious. Various expressions might
be activated for processing without becoming conscious. Various theories were put
forward as to which of these representations should be counted as conscious.
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These were all models based on treating the mind as a serial digital computer and
they all supposed that thinking involved the processing of symbolic representations
that are similar to linguistic or logical or mathematical representations.

Neural net models differ in that they are based on a certain simplified conception
of the way the brain works using nonsymbolic processing. In the symbolic process-
ing models derived from thinking of the brain as something like a computer, the
knowledge in a system is explicitly represented as symbols in memory or as rules
that operate on symbols. But neural net models take the relevant processing to be
nonsymbolic. There are many connections among neurons allowing activation in
some neurons to activate others to a greater or lesser degree, possibly inhibiting
activation in other neurons.

The information in an artificial neural network is not contained in symbols
that are stored somewhere or activated. The information is implicitly represented
in the weights of connections among nodes in the network. The information is
distributed among the weights of connections between neurons. Particular weights
do not symbolize anything.

Sometimes a neural network will activate processes that amount to conscious
thinking of certain thoughts that may contain symbolic representations. But most
of the processes in a neural network will not be like that.

There is still an issue about how activities in a neural network could give rise
to or be the same as conscious thinking. But we will not try to resolve that issue.

9.8 QUESTIONS

1. a(a) Sketch a diagram of a perceptron with three inputs x1, x2, x3 and weights
w1, w2, w3. Label the inputs, weights, and output.

(b) Write the expression for the output in terms of the inputs and the weights,
assuming a threshold of 0.

(c) What is the output when the inputs are −3, 2, 1 and the weights are 0, 0.2,
−0.2?

(d) What is the output if w1 is increased to 0.1, but everything else is kept the
same?

2. Consider a linear threshold unit (perceptron) with three inputs and one output.
The weights on the inputs are respectively 1, 2, and 3, and the threshold is 0.5.
If the inputs are respectively 0.1, 0.2, and 0.3, what is the output? If all the
three inputs are 0.1, what is the output?

3. Design a linear threshold unit with two inputs that outputs the value 1 if and
only if the first input has a greater value than the second. (What are the weights
on the inputs and what is the threshold?)

4. Consider a classification problem in which each instance consists of d features
x1, . . . , xd , each of which can take on only the values 0 or 1. Come up with a
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linear threshold unit (a single perceptron) that functions as an AND gate (i.e.,
the output is 1 if all of the inputs xi are 1, and the output is zero otherwise).
Repeat for an OR gate (i.e., the output is 1 if one or more of the inputs xi are
1, and the output is zero only if all the inputs are 0).

5. As in the previous problem, consider a classification problem in which each
instance consists of d features x1, . . . , xd , each of which can take on only the
values 0 or 1. A feature vector belongs to class 0 if x1 + x2 + · · · + xd is even
(i.e., the number of 1’s is even) and it belongs to class 1 otherwise. Can this
problem be solved by a single perceptron? A three-layered network? Why or
why not?

6. Consider the following network. There are four inputs with real values. Each
input is connected to each of two perceptrons on the first layer that do not take
thresholds but simply output the sum of the weighted products of their inputs.
Each of these perceptrons is connected to an output threshold unit. Show that
this network is equivalent to a network with a single unit, which is a threshold
perceptron unit.

7. How is a perceptron trained? What features of the perceptron typically change
during training? Formulate a learning rule for making such changes and explain
how it works.
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Multilayer Networks

In the previous chapter, we saw that a perceptron can form only linear decision
rules. Although such decision regions can sometimes be useful, there are a number
of applications in which the restriction to linearly separable classes is very limiting.

One way to overcome the limitation of linearly separable rules is to consider net-
works consisting of multiple interconnected perceptrons. As discussed in Chapter 9,
the special class of multilayer feedforward networks is particularly useful. An
example of such a network is shown in Figure 10.1.

Each node of the network behaves as a perceptron. That is, each input is mul-
tiplied by the corresponding weight, and the output of the unit is either −1 or 1,
depending on whether the weighted sum of the inputs is less than a threshold, for
example, 0, or greater than the threshold. The output of the network can be easily
computed once the inputs and weights are specified.

10.1 REPRESENTATION CAPABILITIES OF MULTILAYER
NETWORKS

Since one of our motivations for considering multilayer networks is to avoid the
perceptron’s limitation to linear decision regions, the first question that arises is
“What kinds of decision regions can a multilayer network represent?”

Perhaps surprisingly, the answer is that with just three layers and enough units
in each layer, a multilayer network can approximate any decision rule. In fact,
the third layer (the output layer) consists of just a single output unit, so multiple
units are needed only in the first and second layer. For decision rules that assign
to class 1 a possibly infinite number of areas in the plane (or volumes in N-space),
this result can be shown relatively simply as follows.

First, we can approximate any decision rule that assigns feature vectors in some
convex set to class 1 and all others to class 0. (A set of points is convex if a
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x1

x2

x3

x4

x5

xd

...

...

...

Figure 10.1 Feedforward network with input x = (x1, . . . , xd ).

Figure 10.2 Creating a polyhedron by intersecting half-spaces.

line between any two points in the set is always entirely within the set.) This is
because a convex set can be approximated by a polyhedron obtained by intersecting
a number of half-spaces (Figures 10.2 and 10.3). Each half-space has a linear
decision boundary that can be implemented by a single perceptron, as discussed in
the previous chapter. The various half-spaces used to approximate the convex set
are implemented by different units all in the first layer.
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Figure 10.3 Two common ways to approximate a convex set by a polyhedron.

To get the intersection of the half-planes, we pass the outputs of the perceptrons
in the first layer to a single perceptron in the second layer that computes the logical
AND of its inputs, so that the output is 1 if and only if every input to the single
perceptron in the second layer is 1. This happens exactly when the feature vector lies
inside the polyhedron defined by the half-spaces. By taking more units in the first
layer, we get a polyhedron with more faces, and therefore, a better approximation
to the convex set. (The problem of how to make a perceptron compute the AND
function was an exercise in the preceding chapter.)

To approximate an arbitrary (nonconvex) set, we can first approximate it with a
union of convex sets (Figure 10.4). One systematic way to do this is to partition the
space regularly along each dimension to form hypercubes. Each of the constituent
convex sets can be approximated as described above, so we only need a way to
take the union of these sets. To get the union, we can use a single perceptron that
computes the logical OR of its inputs. That is, the output of such a perceptron is
1 if any input is 1. (The problem of how to make a perceptron compute the OR
function was also an exercise in the preceding chapter.)

Finally, the network used to approximate a general set has the following form.
Each unit in the first layer computes a half-space. The outputs of this layer are
passed to the second layer, where each unit performs the logical AND of those
half-spaces needed to approximate various convex sets. The outputs from the second
layer are then passed through a final unit that performs an OR operation in order
to take the union of those convex sets. See Figure 10.5.

10.2 LEARNING AND SIGMOIDAL OUTPUTS

Once we know that any decision rule can be approximated by a multilayer
network, the next crucial question is “How can we get a network to learn a good
decision rule?”

As before, we would like to use a set of training examples to come up with a
choice of weights such that the network performs well on the training examples.
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Figure 10.4 Approximating a nonconvex set with hypercubes.
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Figure 10.5 Network structure to approximate general sets.

Owing to the complexity of the network and the nonlinear relationships between
the weights and the network output, a direct method of finding weights to make the
network output fit the training data is out of the question. We need an incremental
learning rule analogous to the perceptron convergence procedure to make gradual
adjustments to the weights in a reasonable way.

We are faced with two difficult problems. In the case of a single unit, we
exploited the simple relationship between each weight and the effect on the output
to determine how we should adjust the weight. We no longer have such a simple
relationship and will need to rely on some systematic analysis to help us determine
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00

Figure 10.6 Threshold functions versus sigmoid functions.

reasonable adjustments to the weights. The second problem that further complicates
the situation is caused by the nature of the output function of each unit. The sign(·)
function is a type of “threshold” function that makes gradual tuning difficult.

Consider the effect of the discontinuity in the threshold function shown on the
left in Figure 10.6. As we start making small changes to a particular weight, there
will be no effect on the output if the total input to the unit is not close to zero (if
we are far away from the discontinuity). However, once the total input to the unit
is near zero, the output can change drastically with a tiny change in the weight.
This happens when the change in the weight causes the input to the unit to cross
the discontinuity of the threshold function.

Although this was not an issue in the case of a single perceptron, now outputs
of some units are fed as inputs to others. Hence, a drastic change at the output of
just one unit can create further drastic changes in many other downstream units,
making an analysis of the effect at the final output difficult.

We can solve the problem of discontinuous threshold functions by making a
modification in the output function of the units. Instead of using the threshold
function sign(·), we use a “smoothed” version such as that shown on the right in
Figure 10.6. It turns out that having the smooth function vary between 0 and 1
instead of −1 and 1 simplifies things. So, for convenience, we make this change as
well, although this is not the main point. The key change is that the discontinuous
threshold function is now replaced by a smoothly varying function. A function with
this general “S” shape that is differentiable and increasing and tends to finite limits
at −∞ and ∞ is called a sigmoid function .

Thus, the output of a unit is now given by

a = σ(x1w1 + · · · + xdwd). (10.1)

where the xi are the inputs to the unit, the wi are the weights, and σ(·) is a sigmoid
function. One commonly used sigmoid function is

σ(y) = 1

1 + e−y
. (10.2)

Here e is the base of the natural logarithm, e = 2.71828 . . . . The function σ(y)

ranges between 0 and 1 and has a derivative (or slope) given by

σ ′(y) = dσ

dy
= σ(y)(1 − σ(y)). (10.3)
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With a sigmoidal function, small changes in one of the weights or inputs to the
unit will result in small changes to the output. This eliminates the discontinuity
problem associated with the threshold function. This simple change also allows
some basic but powerful machinery from calculus and optimization to be used to
deal with the main problem—finding a systematic (and conceptually appealing)
way to adjust the weights.

One final note on the implications of using a sigmoidal function instead of
a threshold function concerns the final output of the network. With a sigmoidal
function, the final output can take on arbitrary real values between 0 and 1 (instead
of just two values, −1 and 1). This does not cause a problem either in training or
in classification. During training, the target output can be taken to be 0 or 1 even
though the actual output will be something in between. We can still measure error
by considering the differences between t and a as discussed further below. Once a
network has been trained and we wish to use the network for classification, we can
simply decide class 1 if the output is greater than 1/2 and decide class 0 otherwise.
This is like passing the output of the network through a final threshold unit to get
a binary classification, even though the rest of the network has sigmoidal units.

10.3 TRAINING ERROR AND WEIGHT SPACE

Because the network is now complicated, we cannot easily specify a set of weights
such that the network output agrees with the target output for all of the training
examples. Instead of directly specifying the weights, we use a sequential train-
ing method to try to come up with a set of weights that performs well on the
training examples.

For each training example, the error of the network on the example is the
difference t − a between the target output and the actual network output. We wish
to find a set of weights to make the error small over all the training examples.
However, we do not want to simply sum the errors for each training example and
minimize this sum, because then positive errors can cancel out negative errors.
That is, we may end up with a set of weights such that the error is very large
and positive for some training examples and is large and negative for others. In
this case, the sum of the errors may be zero (or close to zero) even though this is
certainly not a desirable situation.

To remedy this problem, we can instead sum the absolute values of the errors,
|t − a|, or more commonly, sum the squares of the errors (t − a)2 over all the
training examples. The squared error is preferable to the absolute error because it
is differentiable while the absolute value is not. This allows us to use the machinery
of calculus as mentioned before and as we will shortly see.

One way to visualize this is to consider the error over the training examples as
a function of the weights in the network. Each of the W weights in the network
can be varied independently of the others, so the set of all possible weights can be
thought of as a W -dimensional space. For each point in this weight space (i.e., for
each choice of weights), we can compute the error of the corresponding network
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Figure 10.7 Error surface for 2D problem.

over the training examples. This results in an “error surface,” and as we change the
weights, we move around on this surface. A two-dimensional example is shown
in Figure 10.7. Of course, most networks of interest have many more than two
weights, so the “surface” is actually in a much higher dimensional space. Although
this is difficult to depict, the higher dimensional case is conceptually similar to the
two-dimensional case. Our goal is to find a choice of weights that minimizes the
error. Equivalently, we wish to find weights for which the error surface is as low
as possible, which corresponds to finding the deepest valley in the error surface.

10.4 ERROR MINIMIZATION BY GRADIENT DESCENT

If we had access to the complete error surface in a suitable form, we could simply
choose those weights that give the minimum error. However, in practice the only
knowledge we have about the error surface is its value at samples of those choice
of weights for which we have actually taken the trouble to compute the error.
Remember that to get this error, we need to check how the network performs over
all the training examples.

With a large number of weights (which is the typical case), the weight space
is so vast that it is infeasible to try to get a sense of the entire error surface by
sampling it over a dense collection of weights. Instead, we have to settle for having
information at a relatively small number of points. Moreover, the error surface
is generally bumpy and complicated (with many hills and valleys), so a sparse
sampling of weights often fails to give an idea of where the optimum weights lie.

This is an example of an extremely difficult optimization problem. For such
problems, one often settles for a “local” minimum as opposed to the “global”
minimum. That is, rather than trying to find the set of weights that gives the
minimum error over all possible weights, one might try to simply find weights for
which no improvement in the error can be obtained by very small changes in the
weights. Using the error surface analogy, this is like trying to find the bottom of a
valley, even if this valley may not be the deepest valley.
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Figure 10.8 Gradient descent in one dimension.

A standard class of methods for finding local minima are known as descent
algorithms. These are equivalent to the so-called hill-climbing methods, which seek
to find local maxima instead of local minima (or the top of a hill instead of the
bottom of a valley). If we preferred hill climbing to descent, we could simply try to
maximize the negative of the error rather than minimize the error, thus converting
a minimization problem into a maximization problem.

A popular descent algorithm is known as gradient descent. This algorithm can be
applied when we know (or can get estimates of) the derivatives of the error surface
with respect to the weights. The gradient is a vector in which the i-th component
is the partial derivative with respect to the i-th weight. The partial derivative with
respect to a weight gives the slope of the error surface in the direction of that
particular weight. It turns out that the gradient gives the direction of maximum
slope. This is the direction in which we should adjust the weights so that a small
change in weights will give the largest change in error.

If we let Em denote the error on the training example m, then on the basis of
this training example, gradient descent suggests that we update each weight wij by
the following amount (where η is a constant)

�wij = −η
∂Em

∂wij

. (10.4)

Figure 10.8 depicts gradient descent in one dimension. The above equation
makes sense conceptually, but we still need a way to compute the partial derivative
to get an explicit expression for �wij in terms of known quantities. A way to do
this is provided by the backpropagation algorithm discussed in the next section.

10.5 BACKPROPAGATION

Backpropagation (or, backprop) gives a nice sequential implementation of gradient
descent. For each training example, it provides a way to explicitly compute the
weight adjustments of Equation (10.4). Because backprop is simply an implemen-
tation of gradient descent, it generally leads only to a local minimum. However,
despite this seemingly serious limitation (of giving a local minimum rather than the
global minimum) backpropagation has been found to give excellent results in many
real applications. Various forms of backpropagation are by far the most widely used
training algorithms for multilayer neural nets.
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Backprop for a Single Unit
We first describe backpropagation in the case of a single unit. Consider a unit such
as that shown in Figure 10.9. In this case, by evaluating Equation (10.4) in terms
of known quantities, we get

�wi = η(t − a)σ ′xi. (10.5)

Here σ ′ is the derivative of σ with the weighted sum of the inputs as argument.
A derivation of this equation is given in the following section. Not surprisingly, the
expression in Equation (10.5) is exactly the expression for �wi from the perceptron
convergence procedure, but with the extra σ ′. So, at least in the case of a single
unit, backpropagation seems to be doing something reasonable.

The intuition discussed previously for the single unit case (for the perceptron
convergence procedure) still applies, although now recall that t is either 0 or 1
(instead of −1 or 1), and that a is between 0 and 1. Suppose the target is 1 for
a certain training example, but the output of the unit is less than 1. To get the
output closer to 1, we would like to increase the total input to the unit. This can
be achieved by increasing the weight wi if the corresponding value xi is positive
and by decreasing the weight wi if xi is negative. Equation (10.5) does just that.

In the case of a sharp threshold unit, the unit output a (as well as the target
output t) could be only two possible values. Thus, if the difference t − a was
nonzero, then it had to be either 2 or −2, and it was really the sign of the difference
that was crucial in the weight change (since the magnitude could be absorbed in
the constant). Now, the difference t − a can be any value in the interval (−1, 1),
and so the magnitude (as well as the sign) of the term t − a also plays a role. If
t = 1 and a is close to 1, then the difference will be small and this will result in
a smaller adjustment to the weight than if a were far from 1. It is reasonable that
the adjustment should be greater if the output is further from the desired value.

Backprop for a Network
In the case of a general multilayer network, we will have a number of layers and
a number of neurons in each layer. Each weight connects a unit from one layer to
some unit in the next layer. To describe how a particular weight should be adjusted,
we introduce some notation so that we can keep all the various neurons (and their
inputs and outputs), weights, and layers straight.

x1

x2

xd

...
...

σ (x1w1 + x2w2 + ... + xdwd)

w1

w2

wd

Figure 10.9 Single unit.
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Consider a network as shown in Figure 10.10. There are L layers with layer 1
as the first layer (to which the original inputs x1, . . . , xd are connected) and layer
L as the output layer (consisting of just a single neuron). Let l be an index that
indicates which layer we are discussing, so that l takes on the values 1, 2, . . . , L.

We introduce the following notation for the input, output, and weights associated
with various neurons:

ui(l) = total input to neuron i in layer l,

ai(l) = output of neuron i in layer l,

wij (l) = weight from neuron j in layer l − 1 to neuron i in layer l.

We can now give the equations for the backpropagation algorithm. We need to
specify the quantity �wij (l) which tells how much we should adjust the weight
wij (l). The algorithm is specified by the equations

�wij (l) = −η δi(l) aj (l − 1), (10.6)

where

δi(l) = σ ′(ui(l))
∑

k

δk(l + 1)wki(l + 1) for l = 1, 2, . . . , L − 1 (10.7)

and

δi(L) = σ ′(ui(L)) (ti − ai(L)). (10.8)

We have assumed that there is only a single neuron in the output layer, so that we
could drop the subscript i in Equation (10.8). As written, the equations apply to
the general case of multiple neurons in the output layer.

x1

x2

x3

x4

x5

xd

...

...

...

...

layer 1 layer L−1

layer L

Figure 10.10 Network.
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The most complicated term in the expression for �wij (l) is δi(l). This is a type
of “error” term, and so the expression for �wij (l) is of the form

�wij (l) = −η · (error term) · (input term). (10.9)

which is of the same form as the expression for the single unit case.
Although the expression for δi(l) looks complicated, the first thing to notice is

that, aside from the term δk(l + 1), all the other terms are quantities that we can
easily compute. The term δk(l + 1) is just another error term for a downstream
neuron—the k-th neuron in the next layer l + 1. Moreover, we have a separate
equation for l = L that is simple and for which all the quantities are easily com-
puted. This suggests that we start from the last layer (layer L which is the output
layer) and work backwards.

This is precisely the reason for the term “backpropagation.” In computing the
output of the network, we start at the first layer and knowing the inputs x1, . . . , xd ,
we propagate the computation forward until finally we reach the last layer and
compute the output. But to compute the weight adjustments, we start at the output
layer (layer L), and compute the error term first for this layer using Equation (10.8)
and the input and output of the output neuron. We then propagate these error terms
backwards through the network (layer by layer) using Equation (10.7), until we
finish at the first layer. The backward propagation uses the inputs and outputs to
various neurons that were computed on the forward pass. The weight adjustments
are easily computed once we have the error terms (and the inputs computed on the
forward pass).

Thus, the backpropagation algorithm can be summarized as follows:

1. Choose some initial values for all the weights and for the constant η.

2. Repeatedly cycle through the training examples. For each training example
considered, do the following:

(a) Compute the total input ui(l) for each neuron in each layer starting from
the input layer and propagating forward to the output layer. Also, compute
the final outputs of the network ai(L).

(b) Starting at the output layer (layer L) and propagating backward to the sec-
ond layer, compute the unit errors δi(l) using equations (10.8) and (10.7).

(c) Add �wij (l) to the weight wij (l), where the weight adjustments �wij (l)

are given by equation (10.6).

10.6 DERIVATION OF BACKPROPAGATION EQUATIONS∗

In this section, we give a derivation of the equations for the backpropagation
algorithm (Equations (10.5) and (10.6)). As mentioned above, backprop is just an
implementation of gradient descent, and so we only need to explicitly compute
the partial derivative in Equation (10.4) in terms of known quantities. This will be
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done through a judicious use of the chain rule from calculus. The case of a single
unit is particularly simple, and so we treat this case first.

10.6.1 Derivation for a Single Unit

Recall that when presented with the m-th training example, the gradient descent
rule is to set the adjustment �wi to weight wi to be

�wi = −η
∂Em

∂wi

. (10.10)

The term ∂Em

∂wi
measures how Em varies as we vary wi . As we change the weight

wi , all the variation in Em is through the total input, u, to the unit. Thus, using the
chain rule, we get

∂Em

∂wi

= ∂Em

∂u

∂u

∂wi

. (10.11)

Recall that the total input to the unit is given by

u = x1w1 + · · · + xdwd. (10.12)

Now, both terms on the right hand side of Equation (10.11) are easy to compute.
From the expression for the input u, we see that

∂u

∂wi

= xi. (10.13)

To compute the first term, note that the error Em is given by

Em = 1

2
(t − a)2 = 1

2
(t − σ(u)2). (10.14)

Therefore,

∂Em

∂u
= −(t − σ(u))

∂σ (u)

∂(u)
= −(t − a)σ ′(u). (10.15)

Using the expressions of Equations (10.15), (10.13), and (10.11) in
Equation (10.10), we get

�wi = η(t − a)σ ′(u)xi, (10.16)

which is the result stated in Equation (10.5).
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10.6.2 Derivation for a Network

We can now derive the backpropagation algorithm in the case of a general multi-
layer network. Recall that ui(l) and ai(l) are, respectively, the total input to and
output of neuron i in layer l, and wij (l) is the weight from neuron j in layer l − 1
to neuron i in layer l.

Notice that the input ui(l) to neuron i in layer l comes from the output of neurons
in the previous layer l − 1. These outputs get multiplied by the corresponding
weights and added up to form ui(l). Therefore,

ui(l) =
∑

j

wij (l)aj (l − 1). (10.17)

The output of this neuron is then just ui(L) passed through the sigmoid function.
Namely,

ai(l) = σ(ui(l)) = σ

⎛
⎝∑

j

wij (l)aj (l − 1)

⎞
⎠ . (10.18)

As before, gradient descent suggests that on training example m we should
adjust wij (l) by

�wij (l) = −η
∂Em

∂wij (l)
(10.19)

and the only question is how to compute this effectively.
Notice that the final output of the network, a(L), depends on the weight wij (l)

only through the input to the i-th neuron in layer l, ui(l). Hence, using the chain
rule, we obtain

∂Em

∂wij (l)
= ∂Em

∂ui(l)

∂ui(l)

∂wij (l)
. (10.20)

This is analogous to Equation (10.11) for the single unit case.
The second term is easy to compute. Using the expression (10.17), we get

∂ui(l)

∂wij (l)
= aj (l − 1). (10.21)

For the first term, we introduce the notation

δi(l) = − ∂Em

∂ui(l)
. (10.22)
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To finish the derivation, we only need to show the recursive equation for computing
δi(l) given by Equations (10.7) and (10.8).

First, consider l = L (the output layer). Because this is the output layer, Em can
be written easily in terms of ui(L), just as in the single unit case. Specifically,

Em = 1

2
(t − ai(L))2 = 1

2
(t − σ(ui(L))2. (10.23)

Therefore,

δi(L) = − ∂Em

∂ui(L)
= (t − a(L)) σ ′(ui(L)), (10.24)

which is the result given in Equation (10.8).
Now, consider l < L. For this case, Em cannot be written easily in terms of

ui(l). However, note that Em depends on ui(l) only through the output ai(l) of the
i-th neuron in layer l. So, using the chain rule once again, we get

δi(l) = − ∂Em

∂ai(l)

∂ai(l)

∂ui(l)
. (10.25)

Since ai(l) = σ(ui(l)), we have

∂ai(l)

∂ui(l)
= σ ′(ui(l)). (10.26)

To complete the derivation, we only need an expression for ∂Em/∂ai(l). To this
end, we make a final use of the chain rule, noting that Em depends on ai(l) only
through inputs to neurons in the next layer (i.e., layer l + 1). The output ai(l) may
affect the inputs to all the neurons in layer l + 1, so we need many terms, one for
each uk(l + 1) over all neurons k. Hence,

− ∂Em

∂ai(l)
= −

∑
k

∂Em

∂uk(l + 1)

∂uk(l + 1)

∂ai(l)
. (10.27)

By the definition of the error term introduced in Equation (10.22), we have

− ∂Em

∂uk(l + 1)
= δk(l + 1). (10.28)

And, by the expression for the total input to neuron k in layer l + 1, we have

∂uk(l + 1)

∂ai(l)
= ∂

∂ai(l)

⎡
⎣∑

j

wkj (l + 1)aj (l)

⎤
⎦ = wki(l + 1). (10.29)

Thus,

− ∂Em

∂ai(l)
= −

∑
k

δk(l + 1)wki(l + 1) (10.30)
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so that

δi(l) = σ ′(ui(l))
∑

k

δk(l + 1)wki(l + 1), (10.31)

which is the result of Equation (10.7).

10.7 SUMMARY

In this chapter, we continued our discussion of neural net learning, this time dis-
cussing feedforward networks with multiple layers of nodes. We modified the
simple sharp threshold function used in a simple perceptron to a sigmoid func-
tion that always has a slope. We explained how the backprop algorithm can be
used to train such a network by changing the weights of connections between neu-
rons. Backprop is a sequential implementation of a gradient descent type algorithm.
Although this results in weights that are locally optimal (instead of globally opti-
mal), the algorithm has been found to work well in practice and is the most widely
used training algorithm for multilayer networks.

10.8 APPENDIX: GRADIENT DESCENT AND REASONING TOWARD
REFLECTIVE EQUILIBRIUM

Human reasoning can be viewed as a process of changing one’s view by addition
and subtraction, that is, adding new beliefs and removing some prior beliefs. People
make such changes in order to increase the “coherence” of their overall views.
Coherence can be increased by giving up beliefs that are in tension with other
beliefs and by adding new beliefs that fit with or help to explain other beliefs.
People try to make small changes that will improve overall coherence.

This can be thought of as a kind of gradient descent: making small changes that
will reduce the incoherence of one’s overall beliefs. Or gradient ascent: making
small changes that increase the overall coherence of one’s overall beliefs.

Philosopher John Rawls describes this as trying to reach what he calls a “reflec-
tive equilibrium,” in which one’s beliefs fit together in a coherent way. (This is in
his book, A Theory of Justice.)

It is sometimes objected that this can be an overly conservative way to pro-
ceed and that it is sometimes better to try out more radical ideas to see whether
larger changes do better at reducing incoherence (or increasing coherence). This
is sometimes called trying to reach a “wide reflective equilibrium.” The idea is
perhaps that the more conservative method runs the risk of getting stuck in a local
minimum (or maximum), something that might be avoided by being bolder.

Suppose you are trying to reach a “wide reflective equilibrium” in your beliefs
about morality, by considering whether your general moral principles match up
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with your beliefs about particular cases. You may discover conflicts between your
beliefs; for instance, suppose you thought that it is always wrong to steal, but this
conflicts with your belief that it is morally permissible for a starving person to
steal a loaf of bread. You revise your general moral principle to the claim that
it is wrong to steal unless doing so will save someone’s life. This new principle
conflicts with further beliefs that you have, for example, that it is ok for a hungry
child to steal food even if the child is not about to die. So you revise your general
principle further to accommodate this case, and so on.

10.9 QUESTIONS

1. a(a) What is a single perceptron?

(b) What is a multilayer feedforward neural network?

2. Consider the XOR problem with two inputs x1 and x2. That is, the ouput is 1
if exactly one of x1, x2 is positive, and the output is 0 otherwise. Construct a
simple three-layer network to solve this problem.

3. What is a convex set?

4. Explain the sense in which for any decision rule there is a three-layer network
that approximates that rule. Sketch a proof of this.

5. Consider a classification problem in which each instance consists of d features
x1, . . . , xd , each of which can only take on the values 0 or 1. A feature vector
belongs to class 0 if x1 + x2 + · · · + xd is even (i.e., the number of 1’s is even)
and it belongs to class 1 otherwise. Can this problem be solved by a single
perceptron? Why or why not? A three-layer network?

6. True or false: The backpropagation learning method requires that the units in
the network have sharp thresholds.

7. True or false: The backpropagation learning method for feedforward neural
networks will always find a set of weights that minimizes the error on the
training data.

8. What is “gradient descent” and what is a potential problem with it?

9. Why is the weighted input to a unit in a feedforward network passed through
a sigmoid function rather than a simple threshold function?

10. Explain why the sort of learning rule discussed in this chapter is appropriately
called “backpropagation.”
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11. Is the process of reasoning toward reflective equilibrium analogous to the
algorithm of gradient descent that is used to train a neural network?
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PAC Learning

So far we have discussed two rather different approaches to learning pattern recog-
nition. The first approach is illustrated by nearest neighbor rules. By taking more
and more neighbors, but in such a manner that the number of neighbors grows
more slowly than the number of training examples, we are guaranteed that as the
amount of data grows we will do in the limit as well as the optimal Bayes decision
rule. A similar result holds for kernel rules.

The second approach we discussed uses neural networks. By taking a multilayer
perceptron with enough layers and enough nodes per layer, we can approximate
any decision rule arbitrarily closely. We also described the backpropagation training
algorithm, which, although guaranteed to converge only to a local minimum, works
very well in practice. Of course, if we are willing and able to expend a sufficient
amount of computing power, we can ensure that we arrive at the best possible
weights for classifying the training examples, rather than just a local optimum.
However, even in this case, we do not yet have any guarantee that the network
will generalize well on new examples. In any case, neural nets provide another
approach to learning problems.

One thing that we have been lacking so far is some measure of the inherent
difficulty of a learning problem. That is, we would like some way to make state-
ments about which problems have solutions that are learnable by some algorithm
or other—not just statements regarding the performance of a particular learn-
ing method. In addition to knowing whether or not a problem has “learnable”
solutions, we would like some measure of the inherent difficulty of the learning
problem. Some early work in this direction was done in the probability and statis-
tics community. There has been continued work along these lines by researchers in
a variety of fields, including statistics, electrical engineering, and computer science.
This chapter begins a discussion of some of the results that have been obtained in
this area.

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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11.1 CLASS OF DECISION RULES

Recall that a decision rule has to choose either “decide 0” or “decide 1” whenever
presented with an observed feature vector x. Therefore, a decision rule carves the
feature space into two sets—those feature vectors for which the rule decides 0 and
those for which it decides 1. We can represent a decision rule as a map c from
the feature space, say Rd , to {0, 1}, with c(x) representing the decision when we
observe feature vector x. Equivalently, we can think of a decision rule as a subset of
the feature space, associated with those feature vectors for which the rule decides 1.

In formulating a definition of learnability, we suppose that the learner’s task is to
select some member of a certain class C of decision rules. There are several reasons
for specifically mentioning the class C of decision rules. In certain problems, there
may be design or structural constraints on the learner that allow the use of only
certain restricted forms of rules. Computational issues may impose constraints on
the feasibility of working with particular classifiers. Yet another reason to work with
a specific class of decision rules is to exploit some prior knowledge associated with
the problem domain.

In addition to the practical reasons for working with a fixed collection of decision
rules, this perspective also leads to a fruitful conceptual framework. The results
obtained provide a characterization of the difficulty of a learning problem in terms
of a measure of the “richness” of the class of decision rules.

If there is only one possible decision rule the learner can select (so that the
class C has only one member), then “learning” is a nonissue. In this case, the
learner has no choice but to select this one decision rule, regardless of any data
observed.

The issue of learning arises when the learner must select a decision rule from
a collection C of possible rules under consideration. The learner uses labeled
examples and possibly other prior information to make this selection. In this case,
there is uncertainty at the outset regarding which rule from the class is best. After
making observations, the uncertainty regarding the best rule from the class is pre-
sumably reduced. Learning corresponds to improved performance in selecting a
relatively good rule on the basis of observations.

Assuming that the learner selects a decision rule from some fixed class of rules
may seem artificial and restrictive. However, it is actually quite general and most
standard learning algorithms can be framed in this way. Of course, one could
just take C to be the set of all decision rules. Unfortunately, as we will see in
Chapter 12, this degenerate way of framing a problem in terms of a class of all
decision rules is not very useful, since the class is too rich to be learnable in any
reasonable way. But many interesting learning problems result in nondegenerate
classes of decision rules for which useful results can be obtained.

For example, suppose we are interested in learnability using a multilayer per-
ceptron. Consider a network with a fixed architecture—a fixed number of nodes
in each layer and a fixed number of connections between the nodes. For a given
set of weights, the network computes the corresponding decision rule. Changing
the weights causes the network to compute a different rule. We can consider the
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set of all possible rules the network can represent as we change the weights over
all possible values. This set of rules determines the class C . In learning (e.g.,
using backpropagation), the choice of weights is determined from a set of training
examples. This results in selecting one of the rules from the set C . In this case,
the results from Chapter 12 can be applied directly.

In the case of nearest neighbor methods, the class of decision rules consists of
the possible labelings (0 or 1) of all possible Voronoi regions deriving from any
finite number of data points. This situation allows for treatment along lines we
discuss in Chapter 13.

11.2 BEST RULE FROM A CLASS

We assume the setup described in Chapter 4 in the formulation of the pattern
recognition problem. That is, we assume that there are two classes 0 and 1 with
prior probabilities P(0) and P(1), respectively. The feature vectors are related to
the class of the object through conditional distributions P (x|0) and P (x|1) or
conditional densities p(x|0) and p(x|1).

Suppose a class C of decision rules is fixed. These are the only rules that we
can use for classification. We see labeled examples (x1, y1), . . . , (xn, yn) and wish
to select a good decision rule from the class C .

An immediate question that arises is what is meant by a “good” decision rule?
We answered this question in one context in Chapter 5. There we argued that if the
distributions are known, then the optimal decision rule is the corresponding Bayes
rule, which has an error rate denoted by R∗.

However, as before, we assume that the distributions are not known, so that we
do not have the information necessary to compute Bayes rule. Instead, we need to
find a good rule only on the basis of the data (x1, y1), . . . , (xn, yn) and the class C .

We might try to achieve a performance close to that of the Bayes rule, as we did
with the nearest neighbor rule. Unfortunately, given that we are restricted to using
rules from C , we may not always be able to find a classifier with performance
close to a Bayes rule. It just might happen that there are no rules in C with error
rate close to R∗.

So, what is the best error rate we can hope for? Each rule c ∈ C has an associated
error rate

R(c) = P (0)P (�1(c)|0) + P (1)P (�0(c)|1),

where �0(c) is the set of feature vectors for which c decides 0 and �1(c) is the
set of feature vectors for which c decides 1. In other words, the error rate for c is
the sum of the probability that a randomly encountered object belongs to class 0
but c decides 1, and the probability that a random object belongs to class 1 but c
decides 0.

A natural quantity to consider is the minimum error rate over all rules from C ,
which we denote by R∗

C . That is,

R∗
C = min

c∈C
R(c).
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Strictly speaking, one should replace the min with inf, the lower limit of the error
rate for hypotheses in c, which allows dealing with cases where no rule from the
class actually achieves the minimum, but rules in the class do get arbitrarily close
to it. R∗

C is the best performance we can hope for if we are restricted to using rules
from C .

Note that we always have R∗
C ≥ R∗, since the Bayes rate is the best possible

over all decision rules. We certainly cannot do better by restricting the class of
rules. However, if C happens to contain a rule close to Bayes rule, then R∗

C may
be close to the Bayes rate R∗, or we may even have R∗

C = R∗.
It is also important to note that we cannot actually compute the error rates for

the rules in C , since we do not know the necessary probability distributions. If we
were able to do so, then learning would not be an issue. We would simply compute
the error rate of each rule in C and select the one with best performance. In fact,
if this were the case, we could even just go ahead and compute the optimal Bayes
decision rule. Instead, we have to settle for trying to select a good rule from C on
the basis of the data. This is the learning problem.

11.3 PROBABLY APPROXIMATELY CORRECT CRITERION

We argued in the previous section that by requiring our decision rules to belong to
the class C , we can only strive for rules with error rate R∗

C instead of R∗. In this
section, we discuss why even this goal should be relaxed somewhat.

We are interested in how much data we need for learning, or equivalently, how
well we can do with a given finite amount of data. On the basis of some training
examples (x1, y1), . . . , (xn, yn), our task is to produce a hypothesis h ∈ C. With
a finite amount of data, it is unreasonable to expect to be able always to find the
best rule from C , and so we should not expect to be able to produce a hypothesis
with an error rate that exactly equals R∗

C . Instead, we will settle for a rule that
is only approximately optimal (or approximately correct). That is, we would like
to select a hypothesis h from C such that the error rate R(h) of the hypothesis
satisfies R(h) ≤ R∗

C + ε, where ε is an accuracy parameter.
Moreover, since the training examples are random, there is a chance that we will

be unlucky and see poor or atypical examples. Therefore we should not even expect
always (i.e., for any set of observed examples) to produce an h that is approx-
imately correct. Rather, we will require only that we produce a good hypothesis
with high probability. In other words, we will require that

P {R(h) ≤ R∗
C + ε} ≥ 1 − δ

for some confidence parameter δ. This is the Probably Approximately Correct
(PAC) criterion.

Although the name “Probably Approximately Correct” may sound funny, it
is actually quite descriptive. By “correct” we mean producing the best possible
hypothesis, that is, a hypothesis with the best possible error rate R∗

C . We argued
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that with a finite number of training examples, we cannot always expect to produce
the correct hypothesis exactly, so we settle for one that is approximately correct.
Moreover, with random examples, we argued that we should not always expect to
be approximately correct with certainty. Rather we should expect only to probably
produce a hypothesis that is approximately correct.

Note that probabilities are actually computed twice in the PAC condition. The
inner, and perhaps less obvious, probability is inherent in the definition of R(h).
This is an error rate, or probability of error, for the decision rule h . The rule h
classifies some feature vectors as 0 and others as 1. R(h) measures the probability
that the decision rule h will make a mistake in classifying a feature vector. This
probability is over a new randomly encountered feature vector. If this probability
is small (say less than R∗

C + ε), it means that we have come up with a good
hypothesis—in fact within ε of the best rule in C .

The outer (and explicit) probability in the PAC criterion, says that the probability
that we produce a good hypothesis is large. This probability is over the set of
training examples we see. We hope that the training examples are representative so
that a decision rule selected using the training examples will be a good one. If the
outer probability is large, it means that it is very likely (probability greater than
1 − δ) that we see representative training examples.

The PAC criterion can be written in an equivalent way as

P {R(h) > R∗
C + ε} < δ.

Written this way, the event within the braces is the event that the hypothesis
produced is bad (has a high error rate). The PAC condition says that the probability
of producing a bad hypothesis (error rate larger than R∗

C + ε) should be small (less
than δ). In the cases where a bad hypothesis is produced, all bets are off. There
are no guarantees on the error rate. A decision rule in these cases could even have
an error rate of 1, which is the worst possible since it means that the decision for
any feature vector is always wrong; or it could have an error rate of 1/2, which
is no better than ignoring the data and guessing randomly. The PAC criterion just
guarantees that these bad situations are not very likely.

11.4 PAC LEARNING

Now that we have the PAC criterion, we are almost ready to give a definition for
learnability, but there is one more issue to consider. This issue concerns the number
of training examples that are needed.

In the PAC criterion, we introduced the two parameters ε and δ. ε is an accuracy
parameter and δ is a confidence parameter. These two parameters control how
stringent we wish to make the PAC criterion.

Of course, we should expect that the number of examples we need to learn will
depend on the choice of ε and δ. However, we should also allow the number of
needed training examples for (ε, δ) learning to be independent of the underlying
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distributions governing the problem. Recall that these distributions are the prior
probabilities P(0) and P(1) and the conditional densities p(x|0) and p(x|1), or
equivalently, p(x) and P (0|x), P (1|x).

Remember that we have been assuming that we know little or nothing about
these distributions, as this is precisely where learning comes in. Also, our goal at
this point is to try to get some insight on how much data are required for learning.
Hence, it is reasonable to require that the number of training examples required by
a learning algorithm not depend on quantities unknown to the learner.

To clarify this point further, what we require is that given ε and δ, there is
some finite sample size, which we denote by m(ε, δ), such that m(ε, δ) samples
are enough for PAC learning, no matter what the underlying distributions happen
to be. This does not mean that for certain distributions, we must see m(ε, δ)

training examples before a good hypothesis will be produced. On the contrary, if
the distributions are degenerate and if we use a particular learning algorithm, then
in some cases it may happen that a good hypothesis is achieved with just one
example.

What is required is that no matter what the distributions are, we are guaranteed
that some finite number of examples m(ε, δ) will work for PAC learning to accuracy
ε and confidence δ. This is distribution-free learning in the sense that nothing
is assumed about the distributions. Some number of examples m(ε, δ) is to be
sufficient for all distributions. This sort of learning paradigm is also sometimes
referred to as uniformly consistent learning, since the same number of examples is
required to work (uniformly) for all distributions.

We also require that there is a function m(ε, δ) that determines a finite sample
size for every choice of ε and δ. That is, we do not want to specify ahead of time
the accuracy and/or confidence with which we wish to learn. Instead, we want to
guarantee that we can learn to whatever accuracy and confidence we choose. Of
course, the number of training examples we need will normally depend on our
choice of ε and δ.

We now define this notion of learnability, specifically, PAC learnability. The
key ingredient is the class of decision rules C , and so the definition is for the
learnability of the class C . Formally, we have the following definition.

PAC Learnability We say that a class of decision rules C is PAC learnable if
there is a mapping that produces a hypothesis h ∈ C based on training examples
such that for every ε, δ > 0 there is a finite sample size m(ε, δ) such that for any
distributions we have

P {R(h) >R∗
C + ε} < δ,

after seeing m(ε, δ) training examples.
Now the questions we are interested in are, “When is a class C PAC learnable?”

and “If C is PAC learnable, can we get bounds on the number of examples m(ε, δ)

needed?” These questions are addressed in the next chapter.
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11.5 SUMMARY

In this chapter, we discussed the use of a fixed class of decision rules. If we
can use only the rules from some class C , we need to back off from the goal of
trying to achieve the Bayes error rate R∗. Because we have only a finite amount
of random data, we successively argued that we need to weaken the goal to R∗

C ,
to R(h) < R∗

C + ε, and finally to P {R(h) < R∗
C + ε}> 1 − δ. This last condition

is called the PAC criterion, since the hypothesis must be probably approximately
correct. We then discussed the requirement that the sample size needed for ε, δ

learning should naturally depend on ε and δ, but should be independent of the
underlying distributions characterizing the problem. This led to the definition of
PAC learnability of a class of rules C . In the following chapter, we discuss a
characterization of those classes that are PAC learnable, and discuss the number of
examples needed for ε, δ learning.

11.6 APPENDIX: IDENTIFYING INDISCERNIBLES

We have been concerned mainly with cases in which the connection between the
observable features of an object and its correct classification are at least sometimes
merely probabilistic. In such cases, the Bayes error rate cannot be zero.

But suppose we know that the correct classification of an object is completely
determined by its observable features. Then, the Bayes error rate is zero, because
there is a function from the features of the object to its correct classification, and
so the error rate of that function is zero.

For that special case, we might identify objects with their features. The feature
space then represents the set of all possible objects of interest and we can model a
concept as that subset of objects (feature vectors) that are instances of the concept.
These are the “positive instances” of the concept. Those objects (feature vectors)
that are not in the subset are the “negative instances” of the concept. In the more
usual case in which feature vectors do not always determine the correct classifica-
tion, the set of positive instances of a concept cannot be identified with a set of
feature vectors.

There are deep philosophical issues about whether different things could have
exactly the same features. One such issue is whether there could be a universe with
two things that are exactly alike—perhaps identical twins with exactly the same
experiences and thoughts. It might be argued that they could not have exactly the
same properties. For example, X might be on the right side of Y and Y on the left
side of X ; so that one has the feature of being on the right of someone otherwise
the same, a feature the other does not have. But what if they are standing next to
each other but facing in opposite directions, so that each is on the other’s right
side? (Think about it.) It might be argued that one would have to have been born
first and the other second, so that would be a difference. But what if the twins
are the simultaneous results of duplicating an original. It might be argued that one
would be to the north of the other and the other to the south of the other. But
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suppose this occurs in space where there is no north and south. Or perhaps we can
imagine a universe with two exactly similar spheres of gold and nothing else in it.

A related issue concerns the relation between a clay statue and the clay from
which it has been made. It may seem that these must be two different things with
exactly the same properties. But the statue has the property of having been made
from the clay and the clay does not have the property of having been made from
the statue. Are you the same thing as your body? Do you and your body have
different properties? When you die, the body may still be there (if your death is
not the result of a large explosion). So maybe your body has the property of being
able to exist even when you no longer exist , a property you do not have.

11.7 QUESTIONS

1. What is the class of rules that can be represented by a perceptron?

2. Let C be a class of decision rules and let h be the hypothesis produced by a learn-
ing algorithm. Write the condition on the error rate R(h) for PAC learnability
in terms of R∗

C, ε, and δ.

3. One might argue that every learning algorithm works with a fixed set of decision
rules, that is to say, the set of all rules that the particular algorithm might possibly
produce over all possible observations. In light of such an argument, is there
really anything new to the perspective of working with a fixed collection of
decision rules?

4. If one learning algorithm works with a class of rules that includes all the rules of
a different algorithm and some others, does this mean that the former algorithm
should give a strictly better performance in a learning task? Why or why not?
Discuss any advantages/disadvantages to be had by restricting the set of decision
rules.

5. a(a) Describe as precisely as you can what it means for C to be PAC learnable,
explaining the roles of ε and δ and the requirements on the sample size.

(b) Why do we settle for R∗
C instead of R∗ and why do we introduce ε and δ?
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VC Dimension

In the previous chapter we discussed a precise formulation of PAC learnability.
Given a class of rules arising in some application, one could try to analyze the
PAC learnability of the class by using the definition directly. However, instead of
starting from scratch with the definition for each new situation, it is possible to
provide a general characterization of those classes that are learnable. In addition, it
is possible to say something about how much data are needed for learning in terms
of the accuracy (ε) and confidence (δ) parameters. In this chapter we discuss a key
result of this type for the PAC learning problem.

12.1 APPROXIMATION AND ESTIMATION ERRORS

Recall that in the PAC formulation, the learner is restricted to using decision rules
from some class of rules C . There is an inherent trade-off involved in the richness
of this class C .

On the one hand, we would like C to be extremely rich, that is, to contain
lots and lots of rules. That way, the fact that we are required to use rules from C
will not be a real limiting factor. In fact, if C is rich enough (e.g., if it contains
or can approximate all possible decision rules), then we can even be sure that
there are rules in the class that are as close as we wish to the optimal Bayes
decision rule.

On the other hand, remember that we do not know which rule in C is a good
one since we do not know the distributions characterizing the problem. We need
to choose a good rule on the basis of the training examples. Clearly, trying to find
out which rule from C is best on the basis of some training examples is more
difficult if C is very rich. For example, in the degenerate case where C contains
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just one rule, picking the best rule from C is trivial, since there is only one rule
to pick! Of course, as long as there is more than one rule, the training data must
be used to decide which rule from C is likely to be the best in C . Hence, from
this perspective we would like C to contain few rules since this would make the
selection problem easier.

On the basis of the data, let us select a hypothesis h ∈ C. From the above
discussion, we see that the performance of h is limited by two factors: (i) there
simply may not be very good rules in C and (ii) we may be unable to identify a
relatively good rule out of all the other rules in C using only the training data.
Departure from the optimal Bayes rule due to the first cause is often called the
approximation error , since it is caused by the inability to approximate Bayes rule
using only rules from the class C . Our inability to select the best rule from the C
is called the estimation error since it is caused by estimating the true error rates
of rules in C using only the training data.

Now, we are considering the case where the class C is fixed, and we are inter-
ested in choosing good rules from C on the basis of the data. Thus, our focus in
this and in the previous chapter is on the estimation error. Given a certain number
of training examples, we would like to know how well we can do in terms of
selecting a good rule from C . We know that the richness of C is important, but
how do we characterize this richness? For example, is it just the number of rules
in C that matters, or is it something else? We answer these questions in the next
few sections.

12.2 SHATTERING

If C contains only a finite number of rules, then results on the estimation error
as a function of the number of training examples can be obtained by some simple
probabilistic arguments. However, if the number of rules in C is large, then these
results are not so useful. Moreover, if C contains infinitely many rules, then the
results are downright useless. Simply counting the number of rules in C is not
the right measure of complexity (or richness) of C . A good measure of richness
should take into account the “expressive power” of the rules in C . The notion of
“shattering” is one way to capture the expressive power. Before giving a precise
definition, we first try to motivate this notion with an example.

Suppose someone tells us that before the start of each week they can predict
whether the stock market (say the S&P 500 index) will end the week higher or
lower. In order to make this prediction, they measure various features such as the
price behavior of the index over the previous several weeks, the recent behavior of
interest rates and other financial and economic indicators, perhaps some company
specific features such as earnings, and possibly others (such as whether the AFC
or NFC won the Super Bowl that January, which has been playfully suggested to
predict stock market performance for the year).
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If we know that they use a fixed decision rule and find that they make correct
decisions for 10 weeks straight without yet making an error, we may be rather
impressed and place some confidence in their decision rule. If the “winning streak”
of correct redictions continues for 52 weeks, we would be extremely impressed
(and also possibly wealthy if we had invested according to the predictions). The
chance that a random decision rule could match the outcomes for 52 straight weeks
is extremely small (one in 252), so we would be quite confident that they are really
on to something with the rule they have come up with. Even with just 10 straight
correct predictions, the chance a random rule would achieve this performance is
one in 1024.

On the other hand, suppose they tell us that instead of using a fixed decision
rule, they have a collection of possible decision rules they may use. After the 10
weeks they search through their collection of decision rules and find one that agrees
with the outcome for all the 10 weeks. Should we be impressed? Well, that should
depend greatly on how many rules are in their class. If they have 1024 rules in
their class and each of the possible 10-week outcomes is predicted by one of the
rules, we should not be impressed at all. Of course one of the rules will agree, no
matter what the results!

To be more precise, what really matters is not how many rules are in the class,
but rather how many of the possible 10-week outcomes are represented by rules
from the class. For example, even if there are thousands of rules in the class, but
each one gives the same predictions over the 10 weeks, then we should still be
impressed if the predictions are correct. Formalization of this leads to the notion
of shattering.

Definition (Shattering) Given a set of feature vectors x1, . . . , xn, we say that
x1, . . . , xn are shattered by a class of decision rules C if all the 2n labelings of
the feature vectors x1, . . . , xn can be generated using rules from C .

Each rule from C will classify each of the feature vectors x1, . . . , xn into either
class 0 or class 1. Thus, each rule splits the set of feature vectors into a subset that
gets labeled 1 and its complement that gets labeled 0. There are 2n possible subsets
(or possible labelings). C shatters x1, . . . , xn if by using rules from C we can carve
the feature vectors in all possible ways. This means that using a suitable rule from
C , we could generate any possible prediction for the given feature vectors.

12.3 VC DIMENSION

Suppose we see labeled examples (x1, y1), . . . , (xn, yn). If the set of feature vec-
tors x1, . . . , xn is shattered by C , then certainly we can find a rule from C that
agrees completely with the training examples. However, from the discussion in the
previous section, we expect that choosing such a rule will have little predictive
power, even though it fits the data. Moreover, we will have little confidence that



128 VC DIMENSION

the rule we pick is even close to the best rule from C . We will need much more
data to be confident of this.

Hence, if C shatters a large set of feature vectors, learning will be difficult if
these feature vectors are observed as the training examples. The amount of data we
need to learn will be large compared to the number of feature vectors shattered.

Now remember that for PAC learning, we wish to learn for any distribu-
tions, that is any prior probabilities P(0), P(1) and any conditional distributions
P (x|0), P (x|1). Recall from Chapter 11 that this is equivalent to learning for
any distribution P (x) for the feature vector x, and any conditional probabilities
P (0|x), P (1|x). The amount of data needed for ε, δ learning of a class C is gov-
erned by the “bad” distributions that make learning difficult.

Thus, if C shatters some set of feature vectors x1, . . . , xn, then for some distribu-
tions learning will be difficult. In particular, the distribution could be concentrated
on these feature vectors, so as we see labeled examples, there are always rules
agreeing with the data, but providing no information about unseen feature vectors.
This discussion leads to the following definition.

Definition (VC Dimension) The Vapnik-Chervonenkis dimension (or VC
dimension) of a class of decision rules C , denoted by VCdim(C ), is the largest
integer V such that some set of V feature vectors is shattered by C . If arbitrarily
large sets can be shattered, then VCdim(C) = ∞.

Remember that an important point here is that we only need some set of V points
(as opposed to all sets of V points) to be shattered to make the VC dimension
equal to V. The VC dimension of a class is the measure of richness that we are
after. As we have argued intuitively and state precisely in the next section, this
measure characterizes the PAC learnability of a class C .

12.4 LEARNING RESULT

The following result is a precise statement of the fact that the VC dimension of
a class of decision rules characterizes its PAC learnability. The result requires
the rules in C to satisfy certain mild conditions (known as measurability
conditions—see Section 3.9). These are rather technical conditions and are always
satisfied in practice, so let us assume that the class C satisfies these condition.

PAC Learnability and VC Dimension
A class of decision rules C is PAC learnable if and only if the VC dimension of C
is finite.

This is the characterization we were after. It shows that, as far as PAC learn-
ability is concerned, the VC dimension of a class of rules is the “right” measure
of richness.

It turns out that bounds on the amount of data needed for learning can also be
obtained in terms of the VC dimension (and, of course, in terms of the parameters
ε, δ as well).
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Sample Size Upper Bound and VC Dimension
If V = VCdim(C) satisfies 1 ≤ V < ∞, then a sample size

64

ε2

(
2V log

(
12

ε

)
+ log

(
4

δ

))

is sufficient for ε, δ learning.
What is more important than the exact constants is the form of the bound and

the fact that we can make such a precise statement. Of course, we should expect
the sample size to grow as ε, δ get smaller and as V gets larger. However, the
bound quantifies this in a very precise way. The behavior as a function of ε is
1
ε2 log( 1

ε
). The behavior as a function of δ is log( 1

δ
), and the behavior as a function

of V is just linear (V itself).
Lower bounds can also be obtained which state that ε, δ learning is not possible

unless a certain number of examples are used.

Sample Size Lower Bound and VC Dimension
If V = VCdim(C) satisfies 1 ≤ V < ∞, then for 0 < ε, δ < 1/64 a sample size

V

320ε2

is necessary. Furthermore, if C contains at least two functions, then for 0 < ε < 1
and 0 < δ < 1/4, a sample size

2

⌊
1 − ε2

2ε2
log

(
1

8δ(1 − 2δ)

)⌋

is necessary.
Again, the exact numbers are less important than the form of the bound and the

fact that we have such a precise bound. As far as the behavior of the bounds are
concerned, we can see that the lower bound is similar to the upper bound in terms
of the dependence on ε, δ, and V .

12.5 SOME EXAMPLES

In this section we consider several examples for which computation of the VC
dimension is relatively straightforward. As we see in the examples, in order to
find the VC dimension of a class, the usual approach is to obtain both upper and
lower bounds. If we are lucky (as we will be in the examples below), the bounds
will match and we will determine the VC dimension exactly. In more complicated
situations, we often have to satisfy ourselves with bounds that do not match, but
give some idea of the dimension.

In order to get lower bounds on VCdim(C) (that is, to show that the VC dimen-
sion is larger than some quantity), it is enough to find some set of feature vectors
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that are shattered. This is usually done by selecting some specific points and explic-
itly showing that all labelings (subsets) of these points can be generated by rules
from C . If we find k feature vectors that are shattered by C , then we know that
VCdim(C) ≥ k.

Obtaining upper bounds (that is, showing that VCdim(C ) is less than some
quantity) is usually more difficult. To show that VCdim(C ) < k , we need to argue
that no set of k feature vectors can be shattered by C . For the upper bound, it
is not enough to exhibit some set of points that cannot be shattered. This usually
requires a more careful argument, sometimes considering several cases for different
arrangements of the feature vectors.

Example 12.1 (Intervals in 1-Dimension) Let each feature vector consist of
a single real value. Let the decision rules C be the set of all closed intervals of the
form [a,b] for real numbers a,b. That is, we decide 1 if a ≤ x ≤ b, and we decide
0 otherwise. What is VCdim(C )?

For the lower bound, it is easy to see that there are sets of two points that can
be shattered. Given two points x1 and x2, we can find intervals containing one,
or both, or neither of the points (see Figure 12.1). In fact any set consisting of
two distinct points can be shattered (although recall that finding even one set is
enough). Therefore, VCdim(C) ≥ 2.

Is there any set of three points that can be shattered? The answer is “no,” since
using rules from C , we cannot label the middle point 0 and the outer points 1.
That is, no interval can contain the outer points, but not contain the middle point.
Therefore, we get the upper bound VCdim(C) ≤ 2.

The upper and lower bounds together give VCdim(C) = 2. �

Example 12.2 (Unions of Intervals) As in the previous Example, let each
feature vector consist of such a single real value. But now, let the decision rules
C be the set of all finite unions of intervals. What is VCdim(C )?

For any k , it is easy to see that we can shatter a set of k points. Specifically,
given k points, we can generate each of the 2k labelings by putting a tiny interval

x1

[ ]

x1

x1

[

[

[
x1

x2

x2

x2

x2

]

]

]

Figure 12.1 Shattering two points with intervals.
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around only those points that are to be labeled 1. Since we can shatter arbitrarily
large sets, we have VCdim(C) = ∞.

It turns out that in this example we can shatter any set of k points, even though
just one set of k points for each k would be enough. �

Example 12.3 (Half-spaces in 2-D) Now, let each feature vector be a point
in the plane, so that the feature space is two-dimensional. Let C be the set of all
half-spaces in the plane. This is precisely the set of all decision regions with a
linear decision boundary, which are the decision rules that can be represented by
perceptrons. What is VCdim(C )?

For the lower bound, we can find sets of 3 points that can be shattered. In
particular, take any three noncolinear points. All subsets can be generated as shown
in Figure 12.2. Therefore, VCdim(C) ≥ 3. Note that not all sets of 3 points can
be shattered. Specifically, if the points are colinear then we cannot label the outer
points 1 but the middle point 0.

Can any set of four points be shattered? It seems not, but how can we show this?
If any three of the points are colinear, then they cannot be shattered as mentioned
above. If no three of the points are colinear, then here are two generic cases to
consider: (1) one point is contained in the convex hull of the other three and (2)
none is in the convex hull of the others. These two cases are shown in Figure 12.3.
(The convex hull of a set of points is the smallest convex set containing the set of
points. So the convex hull of three points is just the triangle with the three points
as the vertices.) Note that the first case also includes arrangements where three or
all the four points are colinear.

In the first case, we cannot generate the labeling where the inner point (the one
in the convex hull) is 0, while the others are labeled 1. Any half-space containing

Figure 12.2 Shattering three points with half-spaces.
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Figure 12.3 Two generic arrangements of four points.

the outer three points must also contain the fourth (inner) point. Therefore, no set
of four points in this case can be shattered.

In the second case, we cannot generate the labeling where two opposite corners
are labeled 1 while the other two opposite corners are labeled 0. The reason is that
since half-spaces are convex, if two points are labeled 1, then all points on the line
joining these two points must also be labeled 1. However, this is also true of two
points labeled 0. But this means that the intersection of the two line segments must
be labeled both 0 and 1, which is a contradiction. Therefore, no set of four points
can be shattered.

The result is that there is no set of four points that can be shattered. Therefore,
VCdim(C) ≤ 3, which combined with the lower bound gives VCdim(C) = 3. �

12.6 APPLICATION TO NEURAL NETS

Recall that we can view a neural network with a fixed architecture as being able to
compute some class of decision rules. Each choice of weights makes the network
compute some decision rule. As we vary the weights, we get the class C of all
decision rules representable by the network. If we could compute the VC dimension
of this class, then we could apply the PAC learning results to get some insight into
the inherent capabilities and limitations of learning with such a network.

Such results have been studied. For example, we have seen that the set of
decision rules that can be represented by a single perceptron is the set of half-spaces.
If the threshold is 0, the half-spaces pass through the origin, but for adjustable
thresholds we get all half-spaces. In Example 12.5, we saw that in 2 dimensions,
the set of half-spaces has a VC dimension equal to 3. More generally, the set of all
half-spaces in d dimensions can be shown to have a VC dimension equal to d + 1.
Thus, the learning results can be directly applied to learning using perceptrons.

Results have also been obtained for multilayer networks. Although it is quite
difficult to compute the VC dimension exactly, useful bounds have been obtained.
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For networks with threshold units, one bound is that

VCdim(C) ≤ 2(d + 1)(s) log(es),

where d is the dimension of the feature space, s is the total number of perceptrons,
and e is the base of the natural logarithms (approximately 2.718).

Similar results have been obtained for the case of sigmoidal units. In this case,
the bound also involves the maximum slope of the sigmoidal output function and
the maximum allowed magnitude for the weights.

Such bounds allow the PAC learning results to be applied, giving a theoretical
justification for the required sample size for training a neural network.

12.7 SUMMARY

In this chapter, we discussed the trade-offs involved in learning in terms of the
richness of the class of decision rules being used. A very rich class C is useful
to reduce the approximation error, which refers to the inability of rules from C
to approximate the Bayes decision rule. On the other hand, if C is very rich,
then using only the training examples, we will have a hard time identifying which
rule from C will perform the best on future examples, which is referred to as
the estimation error. To quantify the notion of “richness” of a class of decision
rules, we introduced the notion of “VC dimension” and the notion of “shattering”
it appeals to. VC dimension is one way to measure the “expressive power” of the
class of rules C which is more important in learning than just the number of rules
in C . The more the data points that can be shattered by hypotheses in the class C ,
the more difficult PAC learning is for that class. In fact, a class C is PAC learnable
if and only if the VC dimension of C is finite, and moreover the amount of data
needed for ε, δ learning depends on the VC dimension. In the next chapter, we
discuss learning when the class of rules C has infinite VC dim.

12.8 APPENDIX: VC DIMENSION AND POPPER DIMENSION

The role of VC dimension in statistical learning theory is reminiscent of the empha-
sis on “falsifiability” in Karl Popper’s philosophy of science. Popper argued that
evidence cannot establish a scientific hypothesis; it can only “falsify” it. A scientific
hypothesis is a falsifiable conjecture. A useful scientific hypothesis is a falsifiable
conjecture that has withstood empirical testing.

Recall that PAC learning requires an initial choice of a set of rules C . In Popper’s
terminology, such a choice involves the “conjecture” that the relevant rules are the
rules in C . According to Popper, if this conjecture is to count as scientific rather
than “metaphysical,” the class of rules C must be appropriately “falsifiable.”

Popper argues that there are degrees of difficulty of falsifiability. For example,
he argues that a linear hypothesis is more falsifiable—easier to falsify—than a
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quadratic hypothesis. This seems to fit with the role of VC dimension, because
the collection of linear classification rules has a lower VC dimension than the
collection of quadratic classification rules.

However, Popper’s measure of the degree of falsifiability of a class of hypotheses
does not quite correspond to VC dimension. Where the VC dimension of a class C
of hypotheses is the largest number N such that some set of N points is shattered
by rules in C , what we might call the “Popper dimension” of the difficulty of
falsifiability of a class is the largest number N such that every set of N points is
shattered by rules in C . This difference between some and every is very important
and VC dimension turns out to be the key notion in statistical learning theory,
rather than Popper-dimension.

For example, the class of linear hypotheses in d -space has a VC dimension
of d + 1. Some set of d + 1 points can be shattered. But that class has a Popper
dimension of 2, because three colinear points cannot be shattered. So, if m > 2, not
all points can be shattered.

This suggests that Popper’s theory of falsifiability might be improved by adopt-
ing VC dimension as the relevant measure in place of his own measure.

12.9 QUESTIONS

1. True or False: A set of k points is shattered by a class of rules C if all 2k

labelings of the points can be generated using rules from C.

2. True or False: VCdim(C) is the largest integer v such that every set of v points
can be shattered by C.

3. True or False: VCdim(C) is one plus the number of parameters needed to
specify a particular rule from the class C.

4. If VCdim(C) = v, what is the smallest number of rules that the class C could
contain?

5. If C is a class of decision rules, what condition on VCdim(C) is needed for
PAC learnability?

6. If C is a class of decision rules, what are R∗, R̂(h), and R∗
C?

7. What relations of the form X ≤ Y hold between R∗, R̂(h), and R∗
C?

8. Is the class of rules representable by a perceptron PAC learnable?

9. Consider the class C of all orthogonal rectangles in the plane, that is, all
rectangles whose sides are parallel to the coordinate axes. What is VCdim(C)?
Justify your answer.
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10. Consider the class C of all convex subsets of the plane. What is VCdim(C)?
Justify your answer. (Hint: think about points on the circumference of a circle.)

11. In PAC learning, discuss the advantages and disadvantages of requiring that
the same sample size m(ε, δ) work for every choice of prior probabilities and
conditional densities. How might we modify the definition of PAC learning
model to relax this requirement?

12. a(a) In PAC learning, suppose we let the learner choose the feature points
he/she would like classified instead of providing randomly drawn examples.
Suggest a way in which you might measure how much “learning” has taken
place in this case, that is, what sort of performance criterion might you
use to measure success after the learner has asked for some number of
examples?

(b) For your answer to part (a), does this make learning easier or harder than
standard PAC learning?

13. If the correct classification of an item is completely determined by its observ-
able features, what is the Bayes error rate for decision rules using those
features? In this case, does it follow that C is PAC learnable?

14. One might argue that every learning algorithm works with a fixed set of deci-
sion rules, namely, the set of all rules that the particular algorithm might
possibly produce over all possible observations. In light of such an argument,
what are the advantages of explicitly specifying a class of rules C and studying
the problem of learning using rules from this class?

15. If one learning algorithm works with a class of rules that includes all the
rules of a different algorithm and some others, does this mean that the former
algorithm should give a strictly better performance in a learning task? Why or
why not? Discuss any advantages/disadvantages to be had by restricting the
set of decision rules.
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Infinite VC Dimension

In the previous chapter, we saw that for a fixed class of decision rules C , the VC
dimension of C characterizes whether or not PAC learnability is possible. Under
mild regularity assumptions, C is PAC learnable if and only if the VC dimension of
C is finite. In this case, for a given accuracy and confidence, some finite number of
examples are sufficient to choose a near-optimal rule from C with high probability.

As mentioned in the previous chapter, this type of result focuses on the estima-
tion error, the problem of trying to predict which rule from C will be the best on
the basis of a set of random examples. If the class of rules is too rich, then even
with a large number of examples, it can be difficult to distinguish those rules from
C that will actually perform well on new data from those that just happen to fit
the data seen so far but have no predictive value.

In addition to the estimation error, the approximation error is also important in
determining the overall performance of a decision rule. The approximation error
sets a limit on how well we can do, no matter how much data we receive. If we
are restricted to using rules from the class C , we can certainly do no better than
the best rule from C . Once we fix a class with finite VC dimension, we are stuck
with whatever approximation error results from the class and the underlying distri-
butions. Moreover, since the distributions are unknown, the actual approximation
error we must live with is also unknown.

In the notation we have been using, the best we can ever hope for is to select
a rule with the Bayes error rate R∗. But using rules from C , the best we can hope
for is R∗

C . Sometimes R∗
C might be significantly larger than R∗. What if we are not

satisfied with this? Is it unreasonable to want a rule with an error rate close to R∗
if we have a large amount of training data?

If we think about the nearest neighbor and kernel rules, we see that it is reason-
able to expect to do as well as possible (Bayes error rate) as we get more and more
data, although the criterion there was not exactly the PAC criterion. We know from
the previous chapter that the PAC criterion is too stringent since we are restricted

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
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to classes with finite VC dimension. But if we slightly modify the PAC criterion,
then we can deal with certain classes that have infinite VC dimension, and thereby
address the issue of nonzero approximation errors.

13.1 A HIERARCHY OF CLASSES AND MODIFIED PAC CRITERION

Let us consider a sequence of classes C1, C2, . . . that are nested, so that C1 ⊂
C2 ⊂ · · ·. We insist that each of the Ci has finite VC dimension, but let the VC
dimension grow unboundedly with i . That is, if Vi = VCdim(Ci), then we require
Vi < ∞ for all i , but we allow Vi → ∞ as i → ∞.

Given such a sequence of classes, we can think of VCdim(Ci) as a measure of
the “complexity” of the class of rules Ci . We can identify the complexity of a rule
with the smallest index of a class Ci to which the rule belongs. The “simplest”
decision rules (by this criterion) are in C1; the rules in C2 include the simplest
rules as well as some slightly more complex rules; and so on.1 The collection of
all rules under consideration is given by

C =
∞⋃

i=1

Ci.

If Vi → ∞, then the class C must have infinite VC dimension since it has a
dimension at least as large as Vi for each i . Hence, the class C is too rich (as
measured by VC dimension) to be PAC learnable, although each of the Ci on its
own is PAC learnable.

Nevertheless, it may turn out that we can still find good rules from C as we get
more and more data. The criterion for finding a good rule cannot be in the PAC
sense, since we already know that C is not PAC learnable. We need to relax the
PAC criterion in a way that is still useful but general enough to handle the nested
structure of decision rules. The key idea is to allow the number of examples needed
for ε, δ learning to depend on the underlying probability distributions (as well as
on ε and δ), which is both an intuitive and reasonable idea. We should expect that
complicated or difficult problems will require more data for learning, while simple
problems can be learned easily with minimal data.

13.2 MISFIT VERSUS COMPLEXITY TRADE-OFF

With this modified PAC criterion, a hierarchy of classes C = ∪∞
i=1Ci can be learned

by trading off the fit to the data against the complexity of the hypothesis. As above,
by “complexity” we mean the smallest index of the class to which the hypothesis
belongs.

1In Chapter 16 we note ways in which this way of thinking about simplicity may contrast with more
ordinary notions.
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This idea is at the heart of various techniques that go by different names:
Occam’s razor, minimum description length (MDL) principle, structural risk min-
imization, Akaike’s information criterion (AIC), etc. The intuition behind these
approaches is the following. If we have only a small amount of data, then we should
entertain only simple hypotheses. The data simply do not contain enough informa-
tion/evidence to draw highly complex conclusions. However, as we get more and
more data, we should be willing to entertain increasingly complex hypotheses. But
among the hypotheses under consideration, which one should we choose? It makes
sense to favor those that fit the data well. This is what we did in the standard PAC
case, where in fact, we simply chose the hypothesis that fit the data the best. Now,
we have the extra insight that it is not only the fit to the data that matters but the
complexity of the hypothesis is also a consideration. We should favor hypotheses
of lower complexity and/or let the complexity of hypotheses we consider grow as
we get more data.

Thus, our final choice of hypothesis should reflect some trade-off between misfit
on the data (error) and complexity. Given specific ways of measuring the error of
a decision rule on the data and the complexity of a decision rule, we can select a
hypothesis by

h = argminh∈C error(h) + complexity(h).

The notation argminh∈C means that we should find the hypothesis in C that
minimizes the given expression. Making the first term small favors choosing a
hypothesis in some Ci with large i . These are the richer classes and can fit the
data better. Presumably, if i is large enough, then we would be able to fit the data
exactly. However, this would result in “overfitting” and would not provide much
predictive power.

The second term helps to control this “overfitting” problem. The second term is
small for hypotheses in Ci for small i . This could be made quite small (say equal
to 1), by simply selecting some hypothesis from C1. However, this class of decision
rules presumably has very restrictive representational capabilities, and rules from
this class may not be able to capture the structure in the data. A hypothesis from
this class will likely make many errors on the training data, and hence also may
not serve so well in prediction.

By striking a balance between these two terms, we control the expressive power
of the rules we will entertain, and also consider how well the rules take into account
the training data. With specific choices for this type of trade-off, the class C is
learnable in the modified PAC sense.

13.3 LEARNING RESULTS

There are many choices for exactly how to carry out the misfit versus complexity
trade-off. One way to measure the misfit of a hypothesis on the data is to just count
the number of errors, as we did before. One way to measure the complexity of the
hypothesis is (as suggested above) to take the index of the first class to which it
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belongs. But many variations are possible. For example, we can multiply either term
by a constant (i.e., take the complexity as before plus twice the number of errors).
We could take the square of the complexity (as a new measure of complexity). We
could choose a complexity parameter kn based on the number of examples n that
we have seen, and then find the best hypothesis from the class Ckn .

One concrete result is as follows. As before, let Vi denote the VC dimension of
Ci , where Vi < ∞ for all i but Vi → ∞ as i → ∞. Further, suppose that R∗

Ci
→

R∗ as i → ∞. This means that we can find rules with performance arbitrarily close
to the optimal Bayes decision rule as i gets sufficiently large. We select a sequence
kn → ∞ such that

Vkn log(n)

n
→ 0 as n → ∞. (13.1)

After seeing n examples, we select a rule hn from the class Ckn that fits the data
the best. Then it can be shown that this method is universally consistent. That is,
for any distributions, as n → ∞, we have R(hn) → R∗. Hence, as we get more
and more data, the performance of the rule we select gets closer and closer to the
Bayes error rate.

13.4 INDUCTIVE BIAS AND SIMPLICITY

There may also be many choices for the hierarchical breakdown of C into the
constituent Ci as well. Any choice can be made to work as long as each Ci has
finite VC dimension and the union of the Ci contains all the rules in C . Often there
is a natural decomposition based on the description of rules in C . The complexity
decomposition used in learning need not conform to this natural decomposition,
but often it will by choice.

The various choices for measuring error on the data, the complexity of decision
rules, and the misfit versus complexity trade-off reflect different types of inductive
bias. The choices dictate exactly how the learner strikes a balance between pre-
ferring certain hypotheses (those of low complexity, or equivalently, simple ones),
and how much weight is to be given to the evidence in the data.

As mentioned, many different choices can be made to work in the modified
PAC sense if carried out appropriately. That is to say, as we get more data, we can
find better hypotheses, and under certain conditions we can guarantee that the error
rate of our hypotheses converges to the Bayes error rate as the number of examples
n → ∞. However, we cannot, in general, obtain uniform sample size bounds
for which we will be guaranteed to have ε, δ learning after some fixed number
of examples. The number of examples needed will depend on the underlying
distributions, and these are unknown. The actual performance in practice will
depend on how well our inductive bias reflects the learning problems we encounter.
In engineering applications, these choices are often a matter of art, intuition, and
technical understanding of the problem domain. One of the key choices is the
complexity hierarchy of the decision rules, which reflects the learner’s bias on
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which rules are considered “simple”. Simplicity as a tool in inductive reasoning
has been very broadly used and is discussed further in Chapter 16.

13.5 SUMMARY

We noted that the higher the VC dimension of the hypothesis set C , the more likely
it is that the best hypothesis in C approximates the Bayes error rate but also the
longer it takes to attain PAC learning. This reflects a trade-off between estimation
error and approximation error, but rather harshly forces large approximation by
requiring finite VC dimension. By relaxing the PAC condition to allow the number
of examples to depend on the underlying distribution, we can deal with classes
that have infinite VC dimension by decomposing the class into a nested infinite
union of classes Ci where each Ci has finite VC dimension. We think of the Ci as
a decomposition based on the complexity of the decision rules. After seeing some
labeled examples, the learner selects a hypothesis by suitably trading off the misfit
to the data and the complexity of the hypothesis. We get a type of modified PAC
learning in the limit with appropriate choices for the misfit/complexity balance.
One of the key choices is the way we measure the complexity, or equivalently,
the simplicity, of the decision rules. This approach is related to a number of other
learning methods based on simplicity known by various names such as Occam’s
razor, MDL principle, structural risk minimization, AIC, etc.

13.6 APPENDIX: UNIFORM CONVERGENCE AND UNIVERSAL
CONSISTENCY

It is important to distinguish uniform convergence from universal consistency .
These expressions sound alike but indicate different desirable properties of a learn-
ing problem.

The results about PAC learning described in Chapter 11 are results about uniform
convergence. Where C has a finite VC dimension, there is a function m(ε, δ) that
provides an upper bound to the amount of data needed to guarantee a certain
probability (1 − δ) of endorsing rules whose expected error is within ε of the
minimum expected error for rules in C . This is a uniform convergence result in
that the amount of data needed for a given level of performance (as specified by ε

and δ) does not depend on the underlying distributions characterizing the problem.
The same m(ε, δ) works for any distributions (and hence no matter which rule
from C is the best). However, the minimum expected error for rules in C may not
be close to the expected error of a best rule, a Bayes rule.

In this chapter we discussed an extension of the setup from Chapter 11 for
which there are learning methods that are universally consistent in the sense that
for any background probability distribution, with probability approaching 1, as more
and more data are obtained, the expected error of rules endorsed by the method
approaches in the limit the expected error of a Bayes rule. The nearest neighbor and
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kernel rules that we discussed in previous chapters are also universally consistent
under appropriate constraints.

Universal consistency does not imply uniform convergence. There may be no
bound on the amount of data needed in order to ensure that (with probability
approaching 1) the expected error of the rules endorsed by the method will be
within ε of the expected error of a Bayes rule. Nevertheless, universal consistency is
clearly a desirable characteristic of a method. It does provide a convergence result,
because the error rate of the rule endorsed by a universally consistent method
converges to the expected error of a Bayes rule for any background probability
distribution. Although this does not guarantee a rate of convergence, it can be
shown that no method provides such a guarantee for all distributions. However,
given certain assumptions on the background distribution, the uniform convergence
rates can be obtained.

13.7 QUESTIONS

1. Consider the class C discussed above which is the union of C1, C2, . . . . Do the
various Ci have finite VC dimension? Does C ? Explain.

2. Suppose a class of decision rules C has infinite VC dimension. Is it ever possible
to decompose C into a hierarchy C1 ⊂ C2 ⊂ · · · such that C = ∪∞

i=1Ci but with
limi→∞ Vi < ∞? Why or why not?

3. In the learning method described in Section 13.3, show that for any choice of
the Ci with Vi → ∞ there is a choice of kn which violates Equation (13.1).
What problem might the hypotheses hn encounter in this case?

4. In Equation (13.1), why does the choice of kn need to depend on the VC
dimension of Ckn instead of a condition like kn/n → 0 or kn log(n)/n → 0?

5. True or False: With a suitable choice of the class of rules C, it is possible to
have both universal consistency and uniform convergence.

6. Is PAC learning a matter of uniform convergence, universal consistency, or
both?

7. Suppose we have a nested collection of sets of decision rules C1 ⊂ C2 ⊂ C3 ⊂ · · ·
each with finite VC-dimension di = VCdim(Ci ) → ∞. After n examples, we
select a decision rule hn from the class Ckn that fits the data the best. That is,
after n examples, we consider rules of “complexity” kn and among these we
use empirical risk minimization.

(a) What happens if kn is some fixed constant k that does not grow with n?
Does the estimation error go to 0? Does the approximation error go to 0?
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(b) What happens if kn → ∞ extremely fast compared with dn? Does the esti-
mation error go to 0? Does the approximation error go to 0?

(c) What hypothesis do we select if we ignore the complexity of the hypothesis?

(d) What hypothesis do we select if we ignore the error on the data?

8. When scientists accept an inverse square law of gravitation rather than some
more complicated law that would account equally well for the data, is there a
way to justify their conclusion without supposing that nature is simple? Explain.
How does this relate to the ideas discussed in this chapter?
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The Function Estimation Problem

So far, we have been discussing learning in connection with pattern classification.
Now we want to consider a different formulation involving estimation rather than
classification. That is, instead of deciding between two classes (0 and 1), we wish
to estimate a real value. In this chapter, we discuss the basic formulation of the
estimation problem. In Chapter 15 we discuss some learning methods and results
for estimation analogous to the ones we have discussed so far for classification.

14.1 ESTIMATION

In the standard pattern classification problem that we discussed in Chapter 4, we
observe a feature vector x and we want to guess the associated label y . In the
case of classification that we have been discussing, the label has taken on one of
two values ({0, 1} or {−1, 1}). A finite set of values for the label y can also be
considered, though we do not address that case in this book.

In the estimation (or regression) problem, the “label” y can take on an arbitrary
real value and our estimate f (x) will also be a real value. Now, instead of decision
rules being partitions, we have functions f (x). For each feature vector x, the
estimate f (x) is a real number, so the estimator is a mapping from Rd to R.

As before, we assume that there are background probability distributions that
govern how x and y are drawn and related. These can be described by a joint prob-
ability distribution P (x, y) or a joint density p(x, y) in the (d + 1)-dimensional
space Rd × R.

In the case of estimation, it is often convenient to think of this joint distribution
in terms of a probability distribution for the feature vector (or independent variable)
x and a conditional probability distribution for the label (or dependent variable) y .

An Elementary Introduction to Statistical Learning Theory, First Edition.
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That is, p(x, y) is determined by the distribution (density) p(x) from which the
feature vector x is drawn and the conditional distribution (density) p(y|x) from
which y is drawn, given x.

14.2 SUCCESS CRITERION

The fact that the label y is now a real value requires us to reconsider the criterion for
success. In the case of classification, our success criterion is the probability of error,
that is, the probability that our decision does not match the true label y . But as soon
as y can take on a continuum of values, trying to estimate y exactly is unreasonable.
The probability of error needs to be replaced by some other performance criterion.

A natural approach is to introduce a loss function (or cost function) to measure
how close our estimate f (x) is to the observed value y . We might try to measure
loss by the difference y − f (x). The problem with this measure is that we are often
interested in the average loss. By taking the difference, if we sometimes grossly
overestimate y and other times we grossly underestimate y , these large negative
and positive losses can cancel out. This can lead to zero (or close to zero) average
loss even when the loss for any given x is huge.

To remedy this, we might measure loss by absolute error |y − f (x)|. In this
case, the loss is always positive, so that huge losses for different values of x cannot
cancel each other out. Another way to avoid this problem is to consider squared
error loss given by (y − f (x))2. The squared error is often easier to work with
than the absolute loss because it has a smooth derivative so that machinery from
calculus can be more readily used to analyze it. We saw this in the discussion of
backpropagation for multilayer perceptrons as well (Chapter 10). It is also possible
to use other loss functions, but squared error loss is the most common and is what
we use.

A best estimator is one that minimizes average (or expected) loss. We now
discuss the average loss, and discuss in the next section the estimator that minimizes
this loss. Suppose we have an estimator f (·), and let us fix a particular feature
vector x for now. In this case, our estimate is f (x) so that if a particular value
of y is observed, then the loss is (y − f (x))2. But y is drawn randomly from
the conditional distribution p(y|x). Hence, given this fixed x, the expected loss,
denoted by R(f, x), is given by

R(f, x) =
∫

R
(y − f (x))2 p(y|x) dy (14.1)

But recall that x is also drawn randomly, namely according to the distribution
p(x). Hence, the expected loss of the estimator f (·) averaged over all values of x

is given by

R(f ) =
∫

Rd

R(f, x) p(x) dx =
∫

Rd

∫
R
(y − f (x))2 p(y|x) p(x) dy dx. (14.2)
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14.3 BEST ESTIMATOR: REGRESSION FUNCTION

In classification, a best estimator (Bayes Rule) minimized the probability of error.
Equivalently, it minimizes the average loss. If the loss is 1 if we make an error and
is 0 if we decide correctly, then the probability of error is precisely the average loss.

Likewise, for estimation, we seek an estimator (or function) that minimizes the
average loss in Equation (14.2). To find such an estimator, note that the average
loss R is the average of the conditional loss R(x) over the distribution p(x). So,
to minimize R, we need to minimize R(x) for every x.

Consider a number a that is to be drawn at random, and suppose we want to
estimate a by some fixed number b. What is the average squared error of this
estimate and what number b would give us the smallest average squared error?
Since b is fixed, we can see that

E[(a − b)2] = E[a2 − 2ab + b2]

= E[a2] − 2E[a]b + b2,

where E [a] is just the average value of a .
The first term does not depend on our estimate b. So, to find which number

b minimizes the average squared error, we need only to find which b minimizes
b2 − 2E[a]b. The value of b that does this is just the expected value (or average,
or mean) of a , namely, b = E[a].

For our original estimation problem, we can basically just do this, but for every
x. Consider a given value of x. The label y is random and comes from the distri-
bution p(y|x). As we discussed, for squared error loss, the best estimate for y is
the average of y (given this x), namely the conditional mean of y , given x.

For a given x, let m(x) denote this expected value of y , given x. This number
m(x) is the estimator for which R(x) is minimal. Thus, as a function of x, m(x)

is precisely the estimator we are looking for; that is, the one that minimizes the
average squared loss. This function is often called the regression function .

The corresponding minimum average loss (Bayes loss or Bayes error rate),
denoted by R∗ as before, is the expected loss when the regression function is used
as the estimator. This is analogous to the case of classification for which the best
decision rule (Bayes rule) is a partition that minimizes the probability of error. For
estimation, the best rule (the regression function) is a function that minimizes the
average loss.

14.4 LEARNING IN FUNCTION ESTIMATION

In the case of classification, if we knew the underlying distributions, we could
compute Bayes rule. In the case of estimation, if we knew the underlying
distributions, we could directly find the regression function m(x) by formally
computing the conditional mean of y given x.
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However, as before, we generally know little or nothing about the underlying
distribution p(x, y). Instead, assume that we have labeled data assumed to be
produced by the same underlying probability distribution—independent and
identically distributed (i.i.d.) examples drawn according to p(x, y). This training
data are denoted by (x1, y1), (x2, y2), . . . , (xn, yn) as before.

Given the training data, we wish to find a function that is close to the regression
function m(x) in the sense of average squared error. Our benchmark (the best we
can possibly achieve) is the Bayes rate R∗, which is the squared error obtained
when using the regression function m(x) as the estimate of the label y .

14.5 SUMMARY

In this chapter we discussed a probabilistic formulation for the estimation prob-
lem. As in the classification problem, we assume that there is a prior probability
distribution p(x, y) characterizing the problem, where x is the feature vector and
y is the label. The fundamental difference between classification and estimation
is the range of values that y may take. For classification, y takes on one of two
values, say 0 or 1. While we have not discussed it here, the case of a finite num-
ber of classes is in many ways similar to the two-class problem. However, in the
estimation problem, the label y can be a real number.

This basic difference requires us to modify our success criterion. Rather than
considering the probability of error, we seek decision rules that minimize the
average squared error. The best estimator, the Bayes rule, is given by the con-
ditional average of y given x, which we denoted by m(x). This function is also
called the regression function. The learning problem in the case of estimation
becomes one of estimating the regression function m(x) on the basis of training
data (x1, y1), . . . , (xn, yn) that is drawn from p(x, y). In the next chapter, we dis-
cuss some methods and results for estimation, which are extensions of some of the
methods we have discussed for classification.

14.6 APPENDIX: REGRESSION TOWARD THE MEAN

Francis Galton used the term “regression” to name an interesting biological phe-
nomenon, and this term was later used in a broader statistical context. The heights
of adult children of very tall parents tend on average to be less than the heights
of their parents. These heights tend to “regress” toward average or mean heights.
This sort of regression toward the mean is a statistical phenomenon, because some
adult children of very tall parents are even taller than their parents, but on average
the adult children of tall parents are less tall. On the other hand, the heights of
adult children of very short parents are on average less than the heights of their
parents. Here too there is regression in the direction of average height.

Here is an oversimplified explanation of this statistical phenomenon. Suppose
there are factors that affect height and that these factors vary from one population
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to another and are passed on from parent to child. The factors for a height of h have
a probabilistic relation to adult height, which might be represented by a bell-shaped
probability density curve whose highest point is h . If the density is symmetric, then
the probability that people with these factors have an adult height of h + 1 will be
the same as the probability that they have an adult height of h − 1. Assume that the
distribution of height factors of people in this population can also be represented
by a bell-shaped curve whose highest point is p. This point represents the 50th
“percentile” of the distribution of the height factors, half the population having
lower height factors and half having higher height factors. It also almost certainly
represents the 50th percentile of adult heights in the population.

Suppose that p is 5′ 6′′ and consider those people whose adult height h is
6′ 6′′. Some of those people have inherited height factors from a parent whose
adult height is exactly h , some have inherited height factors from a parent whose
adult height is slightly greater than h , and some have inherited height factors from
a parent whose adult height is slightly less than h . Because the heights and height
factors of adults in the population form a bell-shaped curve centered on p, there are
more people in the population whose adult heights and height factors are slightly
less than h than people whose adult heights and height genes are slightly more. So,
people whose adult height is h are more likely to have height factors of somewhat
less than h , so the expected heights of the adult children of such people are likely
to be less than h .

14.7 QUESTIONS

1. If a loss function other than squared error is used, will the regression function
(i.e., the conditional mean of y , given x) still always be the best estimator?

2. Discuss the quip “Even a stopped clock is right twice a day,” and contrast it
with the addition that “and a working clock is almost never exactly right.”

3. a(a) Suppose we consider the function estimation problem (rather than the clas-
sification problem), but insist on using the probability of error as our
success criterion (rather than squared error). That is, we “make an error”
whenever our estimate f (x ) is not equal to y . What is the smallest proba-
bility of error we could hope for in the general case with densities?

(b) Now suppose we consider squared error, but the distributions are such
that the y value is always equal to either 0 or 1. If P (y = 1|x) = p and
P (y = 0|x) = 1 − p, what estimate f (x ) minimizes the squared error?

4. True or False: The Bayes error rate for estimation problems (as opposed to
classification problems) can be greater than 1/2.

5. True or False: In the function estimation problem, if x is the observed feature
vector and y is a real value that you wish to estimate, the optimal Bayes
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decision rule (for least squared error) dictates that we estimate y according to
the maximum posterior probability, that is, find the maximum of p(y|x).

14.8 REFERENCES
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Learning Function Estimation

In Chapter 14, we described the formulation of the function estimation problem.
In this chapter, we discuss methods for estimation. Specifically, we consider how
the methods we have considered to this point for classification can be extended to
estimation.

15.1 REVIEW OF THE FUNCTION ESTIMATION/REGRESSION
PROBLEM

We begin by reviewing the formulation of the function estimation problem (vs
classification) that we discussed earlier.

Instead of two classes (0 and 1), we wish to estimate a real value. That is, we
want to find a function f such that f (x) provides a good estimate of the value of
y given a feature vector x.

We assume that there is an unknown probability distribution (density) p(x, y)

determining p(x) and p(y|x) for all relevant x and y . Since y can take on a
continuum of values, trying to estimate y exactly is generally unreasonable and the
criterion of minimizing the probability of error needs to be replaced by some other
performance criterion.

We need to introduce a loss function (or a cost function) to measure how close
our estimate f (x) is to the observed value y . A best estimate is one that minimizes
the expected cost (or loss). (There may be more than one best estimate.) Squared
error loss (y − f (x)2) is the most common loss function and this is what we use.

Given any function f , for a given value of x, the expected loss of f (x) is

R(f, x) =
∫

R
(y − f (x))2 p(y|x) dy.
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The expected loss of f averaged over all values of x is given by

R(f ) =
∫

Rd

R(f, x) p(x) dx =
∫

Rd

∫
R
(y − g(x))2 p(y|x) p(x) dy dx.

As in classification, a Bayes rule is a mapping that minimizes the expected loss.
For squared error loss, it can be shown that a best estimate (i.e., Bayes rule) is the
conditional mean of y given x. This is often called the regression function .

The Bayes loss (or Bayes error rate) R∗ is the expected loss of a Bayes rule.
If we knew the underlying distributions we could compute a Bayes rule.

However, as in the case of classification, we generally know little or nothing
about these distributions. Instead, we assume that we have labeled data
(x1, y1), (x2, y2), . . . , (xn, yn).

Given this data, we wish to find a function with small error rate. Our benchmark
(the best we can possibly do) is the Bayes rate R∗.

15.2 NEAREST NEIGHBOR RULES

Given a feature vector x, the 1-NN nearest neighbor rule for classification finds the
feature vector among the training examples xi that is closest to x and assigns x the
corresponding label. For estimation, the obvious extension is to let the correspond-
ing label be our estimate for y . It turns out that for squared error loss, the 1-NN
rule has asymptotic error rate equal to 2R∗. This contrasts with the performance
of the 1-NN rule for classification for which the asymptotic error rate is bounded
by 2R∗ but not necessarily equal to it.

The k -NN rule for classification considers the k nearest neighbors and takes the
majority vote of the corresponding labels. A natural extension for k -NN estimation
is to estimate the value of y at a given point x by taking the average of the k
values of the yi corresponding to the k examples xi that are closest to x.

As with classification, we can also consider an extension to the kn-NN rule in
which the number of neighbors kn grows with the amount of training data n . An
estimation result can be obtained under the same conditions as for classification,
that is, if kn → ∞ and kn/n → 0 then the kn-nearest neighbor rule is universally
consistent.

15.3 KERNEL METHODS

For kernel methods, we can fix a distance h and estimate the value of y at a given
point x by taking the average of all yi such that |xi − x| ≤ h.

As with classification, this can be written in terms of the “window function” or
kernel of Equation (8.1) described in Chapter 8:

K(z) =
{

1 if |z| ≤ 1

0 otherwise.
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The number of points within distance h of xi is given by

W =
n∑

i=1

K

(
x − xi

h

)
.

The estimate f (x) is then given by

f (x) = 1

W

n∑
i=1

yiK

(
x − xi

h

)
.

More generally, as before, we can work with other kernel functions. Many
choices for K(·) are possible as long as certain fairly mild assumptions are sat-
isfied. Some standard choices are triangular, Gaussian, and so on, as described in
Chapter 8.

For general kernels, the expressions for W and f (x) remain the same. Now W
represents the total weights as opposed to the number of training examples within
distance h of x. The estimate f (x) is then a weighted average of yi , where the
weights are determined by how close xi is to x, the kernel function K(·), and the
smoothing factor h .

As with classification, to get a universally consistent estimator, we need to let
h = hn be a function of the number of examples n . If hn → 0 and nhd

n → ∞, then
the kernel estimate will be universally consistent.

15.4 NEURAL NETWORK LEARNING

In neural network learning for classification, we started with perceptrons
in Chapter 9. A perceptron takes a weighted sum of the inputs and passes
this weighted sum through a threshold. For multilayer networks discussed in
Chapter 10, we replaced the hard threshold with a sigmoidal function (a sort of
soft threshold). To get a binary classification, the final output was passed through
a threshold unit.

The use of a sigmoidal activation rule lends itself naturally to estimation. The
final output unit is not passed through a threshold, which allows the final output of
the network to take on real values in an interval. Sometimes the activation rule for
the final output unit is taken to be linear rather than sigmoidal. That is, the output
of the final unit is just the weighted sum of the inputs. This allows representing
functions that take on values from −∞ to ∞ rather than over some finite interval.

Of course, the perceptrons other than the output unit still use a sigmoidal activa-
tion rule. The nonlinearity is necessary to approximate general functions. If all the
perceptrons had a linear activation rule, then the entire multilayer network com-
putes some linear rule and so the whole network could be reduced to a single unit.
This would allow representing only linear rules, a limitation analogous to what we
faced for single perceptrons in the case of classification.
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However, as with classification, with the nonlinearity there is a universal
approximation result for multilayer networks. In fact, only one hidden layer
with enough units is required to obtain the approximation. Specifically, let g(x)

be any continuous function from [−1, 1]d into R. Then for any ε > 0 there
exists an integer m and some constants ai ∈ R, bi ∈ R, wi ∈ Rd such that the
function

f (x) =
m∑

i=1

aiσ (wi · x + bi)

approximates g to within ε.
Here, wi · x denotes the dot product (i.e., weighted sum) of the vector wi with

the vector x, namely,

wi · x = wi,1x1 + · · · + wi,dxd .

ε is a small number that represents how accurately we wish to approximate the
continuous function g . Specifically, the resulting function f is such that |f (x) −
g(x)| < ε for all x ∈ [−1, 1]d . If we look at the form of f , we see that f is written
as a weighted linear combination of m terms with weights ai . The terms being
combined are just the outputs of m units with the sigmoidal activation rule σ(·).
It turns out that the nonlinearity and architecture of the network is what gives
the universal approximation property. The specific shape of the sigmoid is not
important nor even the fact that the activation rule is sigmoidal.

As with classification, being able to represent the general decision rules is
only one of three issues we considered. The second issue is finding effective
means for selecting the weights (i.e., training the network) so that a good rule
can be selected from among the rules that can be represented by the network.
As might be expected, backpropagation can be used for a learning algorithm for
estimation.

The third issue we considered in classification using neural networks is how to
get an idea of sample size bounds required for learning. We would like a PAC-type
result for estimation similar to what we have for classification. We consider this
next.

15.5 ESTIMATION WITH A FIXED CLASS OF FUNCTIONS

Let us suppose that a learning problem specifically involves a fixed class F of
functions, with each f ∈ F being a map from the feature space, Rd , to R. f (x)

is the prediction for the y value when we observe feature vector x. The learner’s
task is to select a good function from the F.

The learner will see labeled examples (x1, y1), . . . , (xn, yn) and wishes to select
a good function from the class F, where the goodness of a function f is determined
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by its error rate R(f ), which we measure using the average squared error
of f .

The minimum error rate over the class F is R∗
F = minf ∈F R(f ). This is the best

performance the learner can hope for, if the learner is restricted to rules from F.
With a finite amount of training data, the learner cannot expect to find the best

function from F. The learner must therefore aim to select a function h from F
such that the error rate R(h) of the function satisfies R(h) ≤ R∗

F + ε.
The learner cannot even expect always (i.e., for any set of observed examples)

to produce an h that is approximately correct. But the learner can hope to probably
do so.

Thus, similarly to the case of classification, we are led to the following PAC
criterion for estimation:

Pr{R(h) ≤ R∗
F + ε} ≥ 1 − δ.

A class of functions F is PAC learnable if there is a mapping that produces a
function h ∈ F based on training examples such that for every ε, δ > 0 there is a
finite sample size m(ε, δ) such that for any distributions we have

Pr{R(h) >R∗
F + ε} < δ

after seeing m(ε, δ) training examples.
Some examples of function classes F of interest include the following:

• Linear estimates: Fitting a linear estimate to the data, for example, a straight
line to a function of one feature.

• Higher order polynomials.

• Neural networks with a fixed architecture.

A natural strategy to select a function from F is to choose one that fits the data
the best (i.e., has minimal empirical loss on the data). This is called empirical risk
minimization . This is a generalization of what is sometimes called enumerative
induction in the case of classification.

As before, empirical risk minimization works (and in fact the class F is PAC
learnable) if the set F is not too “rich.” In the case of classification, richness of the
class of decision rules C was measured by its VC-dimension. In the next section,
we describe an extension for the case of classification.

15.6 SHATTERING, PSEUDO-DIMENSION, AND LEARNING

Consider a set of points (x1, y1), . . . , (xn, yn). A function f that does not pass
through any of these points splits the points into two subsets: those that lie below
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the function (i.e., yi < f (xi)) and those that lie above the function (i.e., yi > f (xi)).
We will say that these points get labeled 0 and 1, respectively.

The set of points (x1, y1), . . . , (xn, yn) is shattered by a class of functions F if
all 2n labelings of these points can be generated using functions from F.

The pseudo-dimension of a class of functions F, denoted dim(F), is the largest
integer V such that some set of V points is shattered by F. If arbitrarily large
sets can be shattered, then dim(F) = ∞. Pseudo-dimension is a generalization of
VC-dimension to real-valued functions.

Under certain mild regularity conditions, if dim(F) < ∞ then F is PAC learn-
able. As with classification, sample size bounds that depend on dim(F), ε, and δ

are also available.
However, for estimation the converse is not true. That is, there are examples

where F has infinite pseudo-dimension, but F is still PAC learnable. This contrasts
with the case of classification; for which (under mild regularity assumption), C is
PAC learnable if and only if C has finite VC-dimension.

There are some refined results, which include converse results, involving a notion
of “fat shattering.” Rather than requiring the functions f to simply go above or
below the points (xi, yi) to shatter them, we require f to go above or below by at
least some fixed amount γ > 0 (Figure 15.1).

Specifically, given a function f , the point (xi, yi) will be labeled 0 if

yi < f (xi) − γ

and (xi, yi) will be labeled 1 if

yi > f (xi) + γ.

The set of points (x1, y1), . . . , (xn, yn) is said to be γ -shattered by a class of
functions F if all 2n labelings of these points can be generated using functions
from F. dimγ (F) denotes the largest integer V such that some set of V points is

. ..
. . ..

.

Shattering Fat Shattering

Figure 15.1 Shattering and fat shattering: (a) shattering and (b) fat shattering.
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γ -shattered by F. Some refined and converse results can be obtained in terms of
finiteness of dimγ (F).

15.7 CONCLUSION

In this chapter, we discussed extensions of classification methods and results
described in previous chapters for the estimation problem. Nearest neighbor and
kernel methods extended in a natural way by suitably averaging the labels yi instead
of voting as was done in the case of classification. Universal consistency results
hold for estimation under similar conditions as for classification. Multilayer neural
networks can be used for estimation in the natural way by using sigmoidal acti-
vation rules, although the final output unit can use a simple linear activation rule.
Arbitrary continuous functions can be approximated by multilayer networks, and
backpropagation can be used to train such networks. The results of PAC learn-
ing can be extended to the estimation problem by considering a suitable notion of
shattering and pseudo-dimension, which generalize the notion of shattering and VC-
dimension. For estimation, if a class of functions F has finite pseudo-dimension
then it is PAC learnable, but the converse is not true in general, though some
converse results can be obtained using a notion of fat shattering and associated
dimensions.

15.8 APPENDIX: ACCURACY, PRECISION, BIAS, AND VARIANCE
IN ESTIMATION

Colloquially, accuracy and precision are often used with similar meanings, but in
statistics (and math, science, and engineering more generally) the two terms have
very distinct meanings. Accuracy refers to the degree to which a measurement or
estimate is close to an actual value or truth. Precision refers to the reproducibility
of a measurement or estimate.

A common example for illustrating the difference between accuracy and pre-
cision uses the example of shooting at a target. An estimator can be very precise
but not accurate. However, as we discuss below, an estimator cannot be extremely
accurate without also being precise. Of course, an estimator might be neither accu-
rate nor precise. Figure 15.2 illustrates this with the example of shooting at a
target.

Suppose that the quantity y that we wish to estimate can take on any real value
(that is, we are in the estimation setting), and for simplicity, let us suppose that y
is fixed (i.e., not a random variable). If we have just a single estimate ŷ1, we would
expect that ŷ1 �= y, but it is difficult to assess the source of this error. However, if
we saw additional estimates ŷ2, ŷ3, . . . , ŷk drawn from our estimator ŷ we might
get some idea of the types of errors produced by the estimator. One source of
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Accurate and Precise
No bias, small variance

Precise but not Accurate
Large bias, small variance

No bias, large variance

Figure 15.2 Accuracy = bias + variance: (a) accurate and precise—no bias, small variance; (b)
precise but not accurate—large bias, small variance; and (c) no bias, large variance.

error is the variability in the estimates ŷ1, ŷ2, . . . , ŷk. This can be measured by the
variance of the estimator ŷ about its mean. The variance of an estimator is one
way to measure precision.

The second source of error is called the bias of the estimator ŷ, which is a
measure of how far away the mean of the estimator is from the underlying quantity
y that we wish to estimate. The accuracy of an estimator is related to its bias
and variance. One measure of the accuracy of an estimator is simply its average
(or expected) squared error, which is what we have been using. That is to say,
E[(y − ŷ)2]. But since y is assumed to be fixed, this can be written as

E[(y − ŷ)2] = [y − E(ŷ)]2 + σ 2(ŷ).

The first term is the bias of the estimator and the second term is its variance.
Measured in this way, the accuracy of the estimator is the sum of its bias and-
variance. Note that both terms are positive, so they cannot cancel each other out.
Hence, an estimator that lacks precision (i.e., has a large variance), cannot be very
accurate even if its bias is zero.

15.9 QUESTIONS

1. In function estimation (as opposed to classification), finiteness of which of the
following is sufficient for PAC learning? VC-dimension; pseudo-dimension;
Popper dimension; dimension-X; fractal dimension; feature space dimension;
Hausdorff dimension.

2. What is the pseudo-dimension of all constant functions? That is, f ∈ F if f (x )
is of the form

f (x) = α for some constant α.
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3. Consider the class F consisting of all piecewise constant functions with two
pieces. That is, f ∈ F if for some constants α1, α2, β, f (x ) is of the form

f (x) =
{

α1 x ≤ β

α2 x >β.

What is the pseudo-dimension of F?

4. a(a) If we let F be the set of all piecewise constant functions (with no bound
on the number of constant pieces and where the value of F may increase or
decrease from one piece to the next), what is the pseudo-dimension of F?

(b) Do you think this class of functions is PAC learnable? Why or why not?
(You do not need to give a proof. Just briefly provide some intuitive
justification for your answer.)

(c) Does your answer in the previous part follow from the learnability result
for estimation? Why or why not?

5. Consider the class F of all nondecreasing functions of a single variable x . That
is, a function f (x ) belongs to F if f (x2) ≥ f (x1) whenever x2 >x1. What is
the pseudo-dimension of F ? Justify your answer.
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C H A P T E R 16

Simplicity

16.1 SIMPLICITY IN SCIENCE

Scientists and other investigators often say that one hypothesis is preferable to
another because it is simpler. It is interesting to consider how such appeals relate
to the misfit versus complexity trade-off we discussed in Chapter 13.

There are at least two ways in which simplicity seems relevant to scientific
reasoning—explicitly and implicitly. Sometimes scientists make explicit appeals
to simplicity. On the other hand, simplicity can play an implicit role in theory choice
by limiting the hypotheses that scientists take seriously, without anyone needing
to explicitly rule out certain hypotheses as too complicated. This second role is
different from the first, because when scientists explicitly appeal to simplicity in
favor of one theory over another, both theories are being taken seriously.

16.1.1 Explicit Appeals to Simplicity

We are concerned with the second more implicit role of simplicity, but it will help
to say a few words about the first case, in which an explicit appeal is made to one
or another type of simplicity, for instance, when a scientist argues that theory T1

is to be preferred to theory T2 because the principles of T1 are simpler in certain
ways. Or it might be said that T1 has a simpler “ontology” than T2. For example,
T1 and T2 might be theories in physics and T1 appeals to a smaller number of
basic subatomic particles. In this case, there may be mention of the principle of
“Occam’s Razor,” which says we should not multiply (kinds of) entities beyond
necessity.

Or, someone might argue that T1 is simpler than T2 in the sense that it postulates
fewer coincidences or explains the data with fewer ad hoc assumptions than T2, so
that the explanations provided by T1 are simpler than those provided by T2.

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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16.1.2 Is the World Simple?

It might be objected that any such appeal to simplicity wrongly assumes that the
world is simple. Surely, we have no reason to think that the world is simple, and
in fact have good reason to think that the world is quite complicated.

However, such an objection is mistaken. To appeal to simplicity is not to say we
have to choose a simple hypothesis. What is being appealed to is relative simplicity,
not absolute simplicity. Both hypotheses can be very complicated even though one
of them is simpler than the other.

As we have seen in Chapter 13, trading off considerations of fit with consid-
erations of something like simplicity can support a kind of learning in the limit.
That way of taking “simplicity” into account does not suppose that “the world is
simple”—it works whether or not the world is simple.

16.1.3 Mistaken Appeals to Simplicity

A different sort of objection goes back to the point already noted that, when a
scientist explicitly appeals to simplicity in favor of one hypothesis over another,
there are reasons to take both hypotheses seriously. In such a case, there may or
may not be a good reason to think that the simpler hypothesis is more likely.
Sometimes, the simpler hypothesis is not more likely.

Consider a situation in evolutionary biology in which two kinds of animal share
a common feature. Hypothesis 1 says that they share this feature because of inher-
itance from a common ancestor. Hypothesis 2 says that they did not inherit the
feature from a common ancestor but instead there was a parallel development in
their ancestors. The fact that Hypothesis 1 is in a certain sense simpler than Hypoth-
esis 2 is not necessarily a good reason to prefer Hypothesis 1 to Hypothesis 2. It
is relevant how likely such parallel development is, given the benefits of having
that feature. The “wings” of birds and bats are not due to the wings of a common
ancestor but are the result of such parallel development. Under certain conditions,
Hypothesis 2 is more likely than Hypothesis 1 despite the apparent simplicity of
Hypothesis 1 (Sober, 1990).

16.1.4 Implicit Appeals to Simplicity

It is easy to see that scientists must in some sense at least implicitly appeal to
considerations of simplicity. In any interesting scientific cases, the data will now
and forever be in accord with infinitely many competing hypotheses. If scientists are
ever to reach even tentative conclusions, they must somehow discriminate among
those hypotheses.

In other words, infinitely many hypotheses that fit the data as well as a preferred
hypothesis h must be set aside at any given stage. This is not to say that one of
these discarded hypotheses, say u , must forever be set aside. u may be brought
back into consideration later if h fails to fit new data in a way that one of the
previously set aside hypotheses does.
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For example, when scientists consider how bodies attract each other, they might
be led to the hypothesis h that the force of attraction is directly proportional to
the product of the masses of the bodies and inversely proportional to the square
of the distance r between them, F = Gm1m2/r2. Now the evidence so far does
not distinguish between this hypothesis and the hypothesis u that this principle is
correct up until today but that tomorrow the correct formula will depend on the
cube of the distance, as in F = Gm1m2/r3. But no scientist would even consider
this last possibility and would not take seriously anyone who put it forward as an
alternative to the first hypothesis. That is, no one would take this seriously given
our present evidence. If tomorrow, we started getting evidence conflicting with the
first square hypothesis and in accord with the second cube hypothesis, then we
might reluctantly reconsider the exclusion of the cube hypothesis.

16.2 ORDERING HYPOTHESES

It seems then that ordinary scientific practice must somehow impose an ordering on
hypotheses that places h ahead of u . Looking at the actual ordering that scientists
use, it seems that this ordering has something to do with the intuitive simplicity of
a hypothesis. The hypothesis h is intuitively simpler than the hypothesis u .

Similarly, scientists consider linear equations before they consider quadratic
equations, which in turn are taken seriously before cubic equations are. Putnam
(1963) claims that standard scientific practice looks something like this. Given a
collection of data D1, scientists think of a few hypotheses that might explain D1,
namely, h1, h2, . . . , hk . (Many more hypotheses might explain D1 which are not
thought of or, if thought of, are not taken seriously.) Scientists next look for data
D2 that would eliminate all but one of the hi . They then think up a few additional
hypotheses that might explain D1 and D2. They repeat this indefinitely.

How is simplicity involved in this practice? Perhaps scientists tend to think of
simpler hypotheses first. Or perhaps to be a simple hypothesis is just to be the sort
of hypothesis scientists tend to think of first (Nozick, 1983).

16.2.1 Two Kinds of Simplicity Orderings

It is useful to distinguish at least two ways in which hypotheses might be ordered
in terms of simplicity: There might be a well ordering of individual hypotheses

h1, h2, h3, . . . , hk, . . .

in the sense that (a) for any two different hypotheses hi and hj either hi is ordered
before hj or hj is ordered before hi and (b) for any nonempty subset of hypotheses
there is always a simplest one (i.e., first in the ordering). That is one way in which
hypotheses might be ordered in terms of simplicity. Another possibility is that there
is an ordering of inclusive classes of hypotheses

H1 ⊂ H2 ⊂ H3 ⊂ · · · ⊂ Hk ⊂ · · ·
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that does not suppose that individual hypotheses are well ordered. The misfit versus
complexity trade-off discussed in Chapter 13 was of this second type.

The first type of simplicity ordering, involving a well ordering of hypotheses
themselves, might order the hypotheses in terms of the length of certain repre-
sentations, with hypotheses of the same length ordered “alphabetically.” In some
approaches, the hypotheses are represented as computer programs of a certain sort,
and are ordered according to the length of the computer program. This type of
conception of simplicity based on minimum program length is often appealed to in
computer science and often goes by the term Kolmogorov complexity . It is related
to a certain notion of “randomness,” according to which a sequence of numbers
is random to the extent that there is no significantly shorter way of expressing the
sequence than by simply listing the numbers in the sequence.

The second type of simplicity ordering orders classes of hypotheses rather than
individual hypotheses. Hypotheses are sometimes grouped in terms of the param-
eters needed to specify particular members of the group. Linear hypotheses are
ordered before quadratic hypotheses, for example, because in the two-dimensional
case, two parameters are sufficient to determine a linear hypothesis of the form
ax + b, whereas three are needed to determine a quadratic hypothesis of the form
ax2 + bx + c.

The first approach allows only countably many hypotheses to be considered,
since the hypotheses themselves are well ordered. The second approach can
allow for uncountably many hypotheses since each of the classes in the ordering
may itself contain uncountably many hypotheses. (The meaning of “uncountably
many” is discussed in Section 4.7.) However, the second approach can be used
even if there are only countably many hypotheses being considered (such as
those represented in some fixed alphabet). In this case, even though there are
only countably many hypotheses, they need not be well ordered. For example,
consider the set of polynomials with rational coefficients. There are only countably
many of these, but using the second approach, we may wish to order all linear
hypotheses (infinitely many) before nonlinear quadratic hypotheses, and these
before third-order polynomials, and so on.

16.3 TWO EXAMPLES

16.3.1 Curve Fitting

Sometimes investigators want to fit a curve to some data points. In a two-
dimensional example, we might let the y coordinate represent the value of a
quantity we assume to be a function of a quantity represented by the x coordinate.
Suppose our data indicate values of y for certain values of x , as in Figure 16.1.

Various curves go through these four points. One is given by the formula y = 2x,
as in Figure 16.2. Another is given by the formula

y = 2x + (x − 1)(x − 3)(x − 4)(x − 6),

as in Figure 16.3.
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Figure 16.1 Data points (1, 2), (3, 6), (4, 8), (6, 12).
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Figure 16.2 Curve for y = 2x.

Which curve provides a better hypothesis about the relation between x and y?
In a standard curve-fitting context, investigators would opt for the linear rela-

tionship y = 2x over the considerably more complex relationship

y = 2x + (x − 1)(x − 3)(x − 4)(x − 6).

16.3.2 Enumerative Induction

Suppose the data consist in results of examining emeralds for color. The data have
been obtained before a certain time T and all emeralds examined have been found
to be green. Consider the following two hypotheses:

h1 All emeralds are green.

h2 All emeralds are either first examined for color before T and green or not so
examined and blue.
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Figure 16.3 Curve for y = 2x + (x − 1)(x − 3)(x − 4)(x − 6).

Both hypotheses fit the data equally well. Furthermore, the hypotheses make
conflicting claims about emeralds that are not first examined before T .

However, it is clear that in this circumstance an investigator would take only
h1 seriously and would not consider h2 except in a philosophy class!

How are we to characterize the distinction here between hypotheses that are to
be taken seriously and hypotheses that are not to be taken seriously?

A natural suggestion is that we are not to take seriously a hypothesis if there is
a much simpler hypothesis that accounts for the data equally well.

Two questions immediately arise. First, how can we characterize the simplicity
involved? Second, why should there be a preference for simpler hypotheses? Let
us start by considering the first issue, how to characterize the relevant sort of
simplicity.

16.4 SIMPLICITY AS SIMPLICITY OF REPRESENTATION

One natural suggestion is that the simplicity of a hypothesis has to do with the
simplicity of our representation of that hypothesis. This accounts for the cases we
have been considering.

In our previous example, where we compared two curves, y = 2x and y = 2x +
(x − 1)(x − 3)(x − 4)(x − 6), the formula for the second curve is more complex
than the formula for the first curve. The first curve is a straight line (Figure 16.2)
whereas the second curve has a couple of ups and downs (Figure 16.3).

Similarly, the statement above of hypothesis h1 about the color of emeralds is
considerably shorter and simpler than the statement of hypothesis h2.

There are, however, other ways to represent these hypotheses than the ones
so far considered. How a hypothesis is represented on a graph depends on the
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coordinates used. For example, we might let the vertical axis represent the log of
y or some other function of y . Figure 16.4 is a graph of y = 2x when the vertical
axis represents y/(2x + (x − 1)(x − 3)(x − 4)(x − 6)).

Here, the hypothesized function y = 2x is represented by a complicated
curve. Using the same coordinates, the second function we considered, y = 2x +
(x − 1)(x − 3)(x − 4)(x − 6), is represented by a horizontal straight line with a
constant value of 1.

We might introduce some new terminology in order to restate hypotheses h1

and h2. Let “grue (at t)” mean “either first examined for color before T and green
(at t), or not first examined for color before T and blue (at t).” Then the complex
hypothesis H 2 can be formulated as “All emeralds are grue” which is as simple a
representation as we used for h1, “All emeralds are green.”

In fact, we have already represented the two hypotheses very simply as “h1”
and “h2.” If that is not simple enough, any single hypothesis could be represented
by a single letter or even a small dot.

Mere simplicity of representation is not enough.

16.4.1 Fix on a Particular System of Representation?

One way to avoid such problems would be to fix the system of representation ahead
of time and then take seriously only hypotheses that can be expressed in relatively
few symbols.

This would rule out changing the graphs of the functions y = 2x and y =
2 + (x − 1)(x − 3)(x − 4)(x − 6). The first function would always be represented
more simply than the second and would always count as simpler than the second,
which seems right. Similarly, we could not use new terms like “grue” and “bleen” to
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Figure 16.4 Vertical axis represents y/(2x + (x − 1)(x − 3)(x − 4)(x − 6)).
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simplify hypotheses, which would block the bad result about the color of emeralds.
And we could not allow hypotheses to be represented as “h1” or “h2.”

But this way of handling simplicity is overly conservative. It overlooks the fact
that sometimes we need to use new symbols to express new sorts of functions.
For example, at some point people wanted to introduce symbols for trigonometric
functions, or symbols for derivatives and integrals in calculus in order to express in
a simple way hypotheses that they wanted to take seriously. If they had to represent
those hypotheses without such new symbols, the hypotheses would have had very
complex, perhaps even infinite, representations and would count as very complex,
if simplicity is measured by simplicity of representation.

16.4.2 Are Fewer Parameters Simpler?

We mentioned above that it would be a mistake to fix a particular system of repre-
sentation for all time and measure the simplicity of a hypothesis by the simplicity
of its representation in that system. Progress in mathematics and science sometimes
requires new notations, as in trigonometry and calculus, that change the simplicity
with which we can represent certain hypotheses.

Trigonometric functions also provide an example of an objection to a simplicity
measure in terms of the number of parameters needed to specify a function from
a given class. Consider the class of functions, a sin(bx) + c. Three parameters are
enough to specify a particular function from this class. But, however many data
points there are, it will almost always be possible to find some sine curve of this
form that goes through every one of the points. The problem is that the sine curve
can have a very high frequency. But, in general, it is not rational always to prefer
a sine function from that class over a polynomial in a class of functions requiring
four parameters to be specified.

Observe that the pseudo-dimension of the class of sine curves is infinite, even
though only three parameters are needed to specify a particular member of this class.
From the vantage point of Chapter 15, we can see that the number of parameters
needed to pick out a member of a set is not always a good measure of the complexity
of the set.

16.5 PRAGMATIC THEORY OF SIMPLICITY

Another consideration is how simple or easy it is to use a theory to answer questions
in which we are interested. Suppose our question concerns the color of a particular
emerald. It is very easy to use h1 to get an answer to our question, since h1 tells
us that the answer is always going to be “green” no matter which emerald is in
question. On the other hand, it can be less easy to use h2 to answer this question,
because we need to find out when the emerald is first observed. If the emerald is
first observed before T , we can use h2 to answer that the emerald is green; if the
emerald is not first observed before T , we can use h2 to answer that the emerald
is blue.
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For another example, suppose we have a function y = f (x) and we want to
know what is the value of this function when x = 5. If the function is y = 2x,
then our calculation is relatively easy y = 2(5) = 10. On the other hand, if the
function is

y = 2x + (x − 1)(x − 3)(x − 4)(x − 6)

then the calculation is more complex:

y = 2(5) + (5 − 1)(5 − 3)(5 − 4)(5 − 6) = 10 + (4)(2)(1)(−1) = 10 − 8 = 2.

Notice that changing to a new system of graphing coordinates or adding terms such
as “grue” and “bleen” will not normally make such calculations easier. In fact, our
calculation will often involve first substituting for the newly defined terms to get
to the original representation of the problem and then solving, which is more
complicated. This suggests that simpler theories may be theories that are easier to
use to get answers to questions in which we are interested.

16.6 SIMPLICITY AND GLOBAL INDETERMINACY

Global indeterminacy arises in comparing the hypothesis that you live in a world
of tables and chairs with the hypothesis that you are a brain in a vat being given
experiences as if you are in a world of tables and chairs. You would have exactly the
same experience in either case, even in the long run, so nothing in your experience
could distinguish these hypotheses.

There is the hypothesis that the universe has existed at least since the “Big
Bang” billions of years ago, in contrast to the hypothesis that the universe was
created by God a few thousand years ago, complete with fossils and evidence of
an earlier existence. Again, these hypotheses might be equally compatible with all
the experience you are ever going to get.

One might argue that in such cases we are justified in choosing the simplest of
the competing hypotheses, given their empirical equivalence, where simplicity is
measured by ease of use. In these cases, our normal hypothesis is compared with
another hypothesis that is parasitic on the normal hypothesis, meaning that it will
be somewhat easier to use the normal hypothesis. To use the parasitic hypothesis
to make a prediction, you need to reason like this:

“This hypothesis says that for such and such reasons it is as if the other hypothesis were
true. The other hypothesis predicts so and so. Therefore, it is as if so and so.”

The reasoning or calculation needed to use a parasitic hypothesis will include
the reasoning or calculation needed to use the normal hypothesis with an additional
extra wrapper around that calculation. So the parasitic calculation has to be more
extensive than the normal calculation, which means it will be less simple, which
justifies our not taking such parasitic hypotheses seriously.
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16.7 SUMMARY

We noted that simplicity is important in determining what hypotheses scientists take
seriously in order to account for data. We have briefly considered how to charac-
terize the relevant sort of simplicity. After considering and rejecting simplicity of
representation as the relevant basis of hypothesis simplicity, we speculated that the
relevant sort of simplicity may have something to do with the ease with which a
hypothesis might be used for scientific purposes. We noted the difference between
ordering individual hypotheses and ordering classes of hypotheses. Although it is
sometimes thought that the relevant classes can be ordered in terms of the number
of parameters needed to specify a particular member of the class, we noted that
the class of sine curves is a counterexample to that thought.

16.8 APPENDIX: BASIC SCIENCE AND STATISTICAL LEARNING
THEORY

In this chapter, we have noted that scientists seek simplicity in their theories and we
have compared the scientific appeal to simplicity with the misfit versus complexity
trade-off that can play a role in statistical learning. However, we do not mean to
suggest that the scientific appeal to simplicity is the same thing as the misfit versus
complexity trade-off in statistical learning theory or that scientists can use the
techniques of statistical learning theory to come up with basic scientific theories.

For one thing, basic scientific theories (such as Newtonian mechanics, Einstein’s
special and general relativity, and quantum field theory) are not directly ways
of classifying items on the basis of their observable features. Far from it. Such
scientific theories tend to be related to observational consequences only by way of
“controlled experiments,” given various “auxiliary assumptions” about measuring
devices, isolation from interference of various other factors, and so on. Statistical
learning theory is concerned with finding certain patterns and regularities in the
observable data. Even if the methods of statistical learning theory find certain
regularities in connection with a given type of controlled experiment, scientists
may want to uncover the “hidden laws” behind these regularities.

There are of course questions of limited resources. Should we invest in basic sci-
ence or in engineering and applied science that does not require finding the hidden
underlying laws? Should we invest in medical research or basic biology? Do we
want to predict eclipses or understand and learn what really exists in the heavens?

One might defend the funding of basic science at least in part because basic
science is intrinsically interesting quite apart from possible applications. One might
also argue that basic science sometimes turns out to have important technologically
useful applications that could not have been predicted ahead of time.

Technology has sometimes advanced without advances in basic science. For
example, gunpowder, paper, and block printing were used in China long before they
were known in Europe. Indian astronomy was quite accurate in predicting heavenly
events like eclipses. But some technology has required basic understanding. (The
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methods of statistical learning theory would not by themselves have anticipated
nuclear fission and fusion.)

16.9 QUESTIONS

1. Suppose that competing hypotheses h1 and h2 fit the data equally well but h1

is simpler than h2. Does a policy of accepting h1 rather than h2 in such a case
have to assume that the world is simple? Why or why not?

2. Critically assess the following argument. “The hypothesis that the world is just
a dream is simpler than the hypothesis that there really are physical objects. The
two hypotheses account equally well for the data. So, it is more reasonable to
believe that the world is just a dream than that there really are physical objects.”

3. How could there be nondenumerably many hypotheses? Could a nondenumer-
able set of things be well ordered?

4. Does the hypothesis that all emeralds are grue imply that emeralds will change
color in 2050?

5. Is it reasonable to use simplicity to decide among hypotheses that could not be
distinguished by any possible evidence?

6. How should scientists measure the simplicity of hypotheses? Should a scientist
favor simpler hypotheses over more complex hypotheses that fit the data equally
well? Are there alternatives?

7. Is it reasonable for you to believe that you are not a brain in a vat being given
the experiences of an external world? Explain your answer.

8. What is the instrumentalist conception of theories?

9. It is sometimes suggested that in selecting a hypothesis on the basis of data, one
should balance the empirical error of hypotheses against their simplicity. Does
statistical learning theory provide a critique of that suggestion?
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Support Vector Machines

Support vector machines (SVMs) provide a state-of-the-art learning method that
has been highly successful in a variety of applications. SVMs are a special case of
the kernel methods discussed in Chapter 8. The success of SVMs has resulted in a
great deal of attention to this particular form of kernel methods.

The origin of SVMs dates back to the work of Vapnik in the late 1970s, and
arises from two key ideas. The first idea is to map the feature vectors in a nonlinear
way to a high (possibly infinite) dimensional space and then utilize linear classifiers
in this new space. This results in nonlinear classifiers in the original space, which
overcomes the representational limitations of linear classifiers. However, the use of
linear classifiers (in the transformed space) lends itself to computational methods
for finding a classifier that performs well on the training data. These computational
benefits are retained while allowing a rich class of nonlinear rules. The second key
idea is that of a large-margin linear classifier that separates the data as much as
possible from among the generally infinitely many hyperplanes that may separate
the data. While many separating hyperplanes perform equally well on the training
data (in fact perfectly well if they separate the data), the generalization performance
on new data can vary significantly. The idea of choosing a separating hyperplane
with a “large margin” helps provide good generalization performance.

We came across similar considerations in our discussion of neural networks
in Chapters 9 and 10. Recall that in Chapter 9, we started with linear classifiers
(namely, perceptrons), and we described a training rule to adjust the weights of the
perceptron based on a set of training examples. This training rule is guaranteed to
find a set of weights that correctly classifies all of the training examples whenever
it is possible to do so. The problem is that perceptrons are able to represent only
linear rules.

This motivated the consideration of multilayer networks in Chapter 10. We
argued that, with three layers and enough perceptrons per layer, these networks
can approximate general decision rules as closely as we like. The backpropagation

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
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training algorithm makes this a practical approach to dealing with the limitations
of perceptrons (i.e., linear rules).

So, the problem of limited representation was addressed by considering multi-
layer networks, and the problem of a training algorithm was addressed by back-
propagation. A third problem was that of ensuring that the resulting classifier has
good performance. With multilayer networks, this is done by making sure that the
size of the network (the number of layers and the number of perceptrons per layer)
is not too large compared with the number of training examples. The bounds based
on VC-dimension discussed in Chapter 12 give some guidance in this regard.

In this chapter, these problems are addressed in different ways. SVMs use linear
rules, but only after mapping to a high-dimensional space. This results in nonlinear
rules in the original space, which addresses the representational issue. The com-
putational issue is addressed by formulating the selection of a hyperplane as an
optimization problem for which there are effective algorithms. And, the problem of
ensuring good generalization performance is addressed by searching for a hyper-
plane with large margin. These ideas taken together result in a general and highly
successful learning method.

17.1 MAPPING THE FEATURE VECTORS

As mentioned above, the problem of representation ability is solved by first mapping
the training examples to a high-dimensional space in a nonlinear way and then using
linear rules in this new space. This results in nonlinear rules in the original feature
space.

In a sense, we can think of multilayer networks as doing something similar.
Consider Figure 10.10, repeated here as Figure 17.1. The single perceptron in the
output layer performs a threshold on the weighted linear combination of the inputs
to this perceptron. The inputs to this perceptron happen to be some nonlinear
transformation of the original feature vector, even though it is not clear exactly
what nonlinear transformation is performed. In contrast, we could directly specify
a nonlinear transformation and then find a linear classifier in the transformed space.

For a simple example, consider the XOR problem in two dimensions discussed
in Chapter 9. Recall that those points x = (x1, x2) for which x1x2 > 0 are labeled 1
and those points for which x1x2 < 0 are labeled −1. See Figure 9.5, repeated here as
Figure 17.2. Linear rules are clearly inadequate for this problem. However, consider
transforming the vector x to a new three-dimensional vector z = (z1, z2, z3) such
that z1 = x1, z2 = x2, and z3 = x1x2 (Figure 17.3). Then, the linear rules in the
transformed space are adequate to represent the original XOR problem since in the
new space the simple (hyper)plane z3 = 0 separates points labeled 1 from those
points labeled −1. In this example, we have increased the dimension by 1, going
from R2 to R3. In this particular case to get separation we could have actually
decreased the dimension by 1, by simply mapping x to z3. However, this is a
result of the special structure of the XOR problem and the fact that we know this
structure ahead of time.



174 SUPPORT VECTOR MACHINES

x1

x2

x3

x4

x5

xd

...

...

...

...

Layer 1 Layer L−1

Layer L

Figure 17.1 Feed forward neural network.

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

+

III

III IV

x2

x1

Figure 17.2 XOR representation problem for perceptrons.

Usually, the problem may not have such a simple structure and we may know
very little about whatever structure is inherent in the problem. The mapping will
typically be more involved and will transform x into a much higher dimensional
space in order to provide a rich set of possible rules in the original space. The
new feature space can even be infinite dimensional! For example, with only two
dimensions in the original space for x1 and x2, the features in the transformed space
might be z1 = x1, z2 = x2, z3 = x2

1 , z4 = x1x2, z5 = x2
2, z6 = x3

1 , z7 = x2
1x2, . . . .

Let H denote the new feature space, and let � denote the mapping, so that

� : Rd → H.

For an original feature vector x ∈ Rd , the transformed feature vector is given by
�(x). The label y remains the same. Thus, the training example (xi, yi) becomes
(�(xi), yi).
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z3

z2

z1

Figure 17.3 Mapping 2D XOR into 3D. The arrows point to where points in the (x1, x2) plane (which
is the same as the (z1, z2) plane) are mapped to 3-space.

Then, we seek a hyperplane in the transformed space H that separates the
transformed training examples (�(x1), y1), . . . , (�(xn), yn). That is, we want to
find a hyperplane in the space H so that a transformed feature vector �(xi) lies on
one side of the hyperplane if the label yi = −1 and �(xi) lies on the other side of
the hyperplane if yi = 1. As in Chapters 9 and 10, it is convenient here to assume
that the class labels are −1 and 1 instead of 0 and 1.

17.2 MAXIMIZING THE MARGIN

In general, we do not expect that the training data (x1, y1), . . . , (xn, yn) will be
linearly separable. But, if transformed into a sufficiently high-dimensional space,
the transformed data (�(x1), y1), . . . , (�(xn), yn) might be. In any case, for the
moment let us assume that the data are separable by a hyperplane. Then there are
generally infinitely many such separating hyperplanes. For example, Figure 17.4
shows a separable case in two dimensions with a number of separating lines.

All of these separating hyperplanes perform equally well on the training data
(in fact they perform perfectly), but it is not clear how they will perform on
new examples. That is, each of the separating hyperplanes might have different
generalization performance. It is natural to ask whether some of the separating
hyperplanes are better than others in terms of their error rate on new examples.

Without some qualification, the answer is no. From VC theory, it can be shown
that any linear classifier that separates the data in d dimensions will have an
expected error rate less than some fixed constant times d log n/n. Although this
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Figure 17.4 Separating hyperplanes in two dimensions.

bound may be acceptable if the dimension d is small compared with the amount
of training data n , in some applications d may be very large, in which case the
bound can be quite poor. In fact, if we map the training examples as discussed in
the previous section, then d actually represents the dimension of the transformed
space H so that we are explicitly making d large (possibly even infinite), which
results in an unsatisfactory bound.

It can also be shown that this bound is tight in the sense that for any classifier,
there is a distribution for which the error rate is close to the bound. Thus, in a
worst-case sense it does not matter which separating hyperplane is selected—all
will result in similar worst-case performance.

However, it may be that the distributions giving rise to the worst-case perfor-
mance are unusual, and that for most “typical” distributions we might be able to do
better by exploiting some properties of the training data. A key idea is to try to find
hyperplanes that separate the data with a large margin . That is, given a classifier
that separates the data, we can measure the distance from the training examples to
the boundary of the classifier. In particular, let d+ denote the smallest distance from
examples labeled 1 to the separating hyperplane, and let d− denote the smallest
distance from examples labeled −1 to the separating hyperplane. The margin of
the hyperplane is defined to be d+ + d−. By choosing the right orientation of a
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Figure 17.5 Large-margin separation.

separating hyperplane, we can make d+ + d− as large as possible. Then any plane
parallel to this will have the same value of d+ + d−.

In Figure 17.5, we show this in two dimensions. The hyperplane for which
d+ = d− (i.e., that is equally distant from the positive and negative examples) is
shown, together with parallel hyperplanes for which either d+ = 0 or d− = 0. These
last two hyperplanes will pass through one or more examples from the training data.
These examples are called the support vectors , and they are the examples that define
the maximum margin hyperplane. If we move or remove the support vectors, then
the maximum margin hyperplane can change, but if we move or remove any of the
other training examples, then the maximum margin hyperplane remains unchanged.

Intuitively, if the margin is large then the separation of the training examples is
robust to small changes in the hyperplane, and we would expect the classifier to
have better predictive performance. This is often the case, though not in a worst-
case sense. The fact that large margin classifiers tend to have good generalization
performance has been both justified theoretically and observed in practice.

17.3 OPTIMIZATION AND SUPPORT VECTORS

From our discussion so far, SVMs roughly operate as follows. The original training
examples are (x1, y1), . . . , (xn, yn), where the xi ∈ Rd and yi ∈ {−1, 1}. These
training examples are transformed to a high-dimensional space H using a mapping
� to produce (�(x1), y1), . . . , (�(xn), yn), where �(xi) ∈ H. In the transformed
space H we seek a hyperplane that separates the transformed training examples
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with maximal margin. Then to classify a new training example x, we compute
�(x) and classify x according to which side of the hyperplane �(x) lies.

A hyperplane in the transformed space H can be represented in terms of a vector
w ∈ H and a scalar b. The equation of the hyperplane is given by

w · z + b = 0,

where z ∈ H. A point z ∈ H that satisfies this equation lies on the hyperplane. All
points that lie on one side of the hyperplane will satisfy w · z + b > 0 while all
points lying on the other side of the hyperplane will satisfy w · z + b < 0.

Thus, to find a separating hyperplane, we need to find w and b such that

�(xi) · w + b > 0 if yi = +1,

�(xi) · w + b < 0 if yi = −1.

Given such a w and b, we can think of the classifier as a potential function classifier
(discussed in Section 8.5) with potential function

f (x) = w · �(x) + b. (17.1)

Among all separating hyperplanes we would like one with maximum margin.
This task can be formulated as an optimization problem. Actually, even after apply-
ing the mapping, the transformed examples (�(xi), yi) might still not be separable
by a hyperplane. In this case, the optimization problem that we solve balances
separating the data as much as possible while also trying to maximize the margin.

Through solving the optimization problem, we obtain w and b that define the
maximum margin hyperplane. It turns out that w obtained in this way is given by

w =
n∑

i=1

αiyi�(xi), (17.2)

where the αi are nonnegative numbers that are determined by solving the opti-
mization problem. The constant b is also obtained through solving the optimization
problem.

For some i , it turns out that αi = 0. For these i , the corresponding example
(�(xi), yi) does not affect the maximum margin hyperplane. For other i , we have
αi > 0, and the examples corresponding to these i do affect the maximum margin
hyperplane. These examples (corresponding to positive αi) are the support vectors .

Substituting the expression for w given in Equation (17.2) into the expression
for the potential function in Equation (17.1), we get

w · �(x) + b =
n∑

i=1

αiyi (�(xi) · �(x)) + b. (17.3)
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17.4 IMPLEMENTATION AND CONNECTION TO KERNEL METHODS

An important practical consideration is how to solve the optimization problem
and actually construct such a maximum margin hyperplane in the transformed
space. One part of the problem is how to implement the transformation �(·). The
original feature vector x is often high dimensional itself and the transformed space
is typically of even much higher dimension, possibly even infinite dimensional.
Thus, computing �(xi) and �(x) can be very difficult.

A useful result from mathematics allows us to address this issue and also pro-
vides a connection between SVMs and kernel methods discussed in Chapter 8. It
turns out (as we discuss in Section 17.5) that the optimization problem can be
written in terms of dot products of the form �(xi) · �(xj ). Also, as seen from
Equation (17.3), implementing the corresponding decision rule to classify a feature
vector x involves dot products of the form �(xi) · �(x).

Under certain conditions the dot product �(xi) · �(x) can be replaced with a
function K(xi, x) that is easy to compute. This function K(·, ·) is just a kernel
function, and the resulting classifier becomes a form of a general kernel classifier,
that is,

w · �(x) + b =
n∑

i=1

αiyi (�(xi) · �(x)) + b

=
n∑

i=1

αiyi K(xi, x) + b.

The terms in the optimization problem used to find the αi also contain dot products
of the form �(xi) · �(xj ) which can be replaced with K(xi, xj ). So, a feature
vector x is classified as 1 if

∑
i αiyi K(xi, x) + b > 0 and x is classified as −1 if∑

i αiyi K(xi, x) + b < 0.
In practice, one generally directly chooses the kernel function K , while the

mapping �(·) and the transformed space H are induced by the choice of K . In fact,
once we specify a kernel, the training and classification rule can be implemented
directly without the need for even knowing what are the corresponding � and H.
It turns out that for a given choice of the kernel K , corresponding � and H exist
if and only if K satisfies a condition known as Mercer’s condition —that is, for all
g(x) such that

∫
g(x)2 dx < ∞, we have

∫
K(x, z)g(x)g(z) dx dz ≥ 0.

Some common choices of kernel functions are as discussed in Chapter 8, namely:

K(xi, xj ) = (xi · xj + 1)p,

K(xi, xj ) = e−‖xi−xj ‖2/2σ 2
,

K(xi, xj ) = tanh(κ(xi · xj ) − δ).

As with kernel methods in general, the choice of the kernel function and associated
parameters is an art and can have a strong influence on classification performance.
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17.5 DETAILS OF THE OPTIMIZATION PROBLEM∗

In this section, we give the details of the optimization problem for finding the
maximum margin hyperplane. We first rewrite the separation equation and give
the precise equation for the margin when the data are separated by a hyperplane.
We then introduce the idea of slack variables in case the training examples are
not linearly separable even in the transformed space. This requires an appropriate
modification of the notion of “maximum margin.” Finally, we describe how the
optimization problem is reformulated using tools from optimization theory and give
the equations for the solution.

17.5.1 Rewriting Separation Conditions

Recall that the transformed training examples are (�(x1), y1), . . . , (�(xn), yn),
where �(xi) ∈ H and yi ∈ {−1, 1}. The equation of a hyperplane in H can be
represented in terms of a vector w and a scalar b as

w · �(x) + b = 0.

It turns out that w is the normal to the hyperplane and |b|/‖w‖ is the distance of
the hyperplane from the origin.

If the hyperplane separates the training data, then

�(xi) · w + b > 0 if yi = +1,

�(xi) · w + b < 0 if yi = −1.

These equations simply formalize the requirement that those �(xi) that are labeled
+1 lie on one side of the hyperplane while those �(xi) labeled −1 lie on the
other side. Since there are only finitely many �(xi) and they are all some nonzero
distance from the hyperplane, we have

�(xi) · w + b ≥ β if yi = +1,

�(xi) · w + b ≤ −β if yi = −1,

for some β > 0. We can then renormalize the equations above (i.e., divide both sides
by β and relabel w/β and b/β with just w and b) to achieve that a separating
hyperplane satisfies

�(xi) · w + b ≥ +1 if yi = +1,

�(xi) · w + b ≤ −1 if yi = −1.

Equivalently, we can write these conditions as

yi(�(xi) · w + b) − 1 ≥ 0 for i = 1, . . . , n. (17.4)
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17.5.2 Equation for Margin

With the separation condition written as in Equation (17.4), it turns out that the
shortest distance from a positive example to the hyperplane (d+) and the shortest
distance from a negative example to the hyperplane (d−) are both equal to 1/‖w‖
(Figure 17.5). The margin for the hyperplane is then given by

margin = d+ + d− = 2

‖w‖ .

To maximize the margin we can minimize ‖w‖ or, equivalently, ‖w‖2. (To find
algorithms for actually carrying out optimizations, it is much easier to minimize
the square of the magnitude of w rather than the magnitude itself.) Thus, we can
find the maximum margin hyperplane that separates the training data, by solving
the following optimization problem:

minimize ‖w‖2

subject to yi(�(xi) · w + b) − 1 ≥ 0 for i = 1, . . . , n.

17.5.3 Slack Variables for Nonseparable Examples

In general, we may not be able to separate the training data with a hyperplane.
However, we can still seek a hyperplane that separates the data “as much as
possible” while also trying to “maximize the margin,” with these objectives
suitably defined.

In order to carry this out, we introduce “slack variables” ξi with ξi ≥ 0 for
i = 1, . . . , n and try to satisfy

�(xi) · w + b ≥ +1 − ξi if yi = +1,

�(xi) · w + b ≤ −1 + ξi if yi = −1.

Since the ξi are nonnegative, we see that satisfying the conditions above is a
relaxed version of the original separation condition. The ξi allow these conditions
to be satisfied with a certain amount of “slack.” Without a constraint on the ξi ,
the conditions above can be satisfied trivially. That is to say, one could take any
hyperplane and then select ξi large enough so that the conditions are satisfied.

We can get a well-posed problem by adding a penalty term that includes the
slack variables to our optimization problem. In particular, since we have already
constrained the ξ to be nonnegative, we get a useful formulation by adding a term
of the form C

∑
i ξi , where C is some appropriate constant. With this term, larger

ξi are penalized, and this prevents the degenerate satisfaction of the conditions by
taking the ξi to be arbitrarily large. Thus, we seek a hyperplane that solves the
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following optimization problem:

minimize ‖w‖2 + C
∑

i
ξi

subject to yi(�(xi) · w + b) − 1 + ξi ≥ 0 for i = 1, . . . , n

ξi ≥ 0 for i = 1, . . . , n.

17.5.4 Reformulation and Solution of Optimization

Using techniques from optimization (Lagrange multipliers and considering the dual
problem), the maximum margin separating hyperplane can be found by solving the
following optimization problem:

maximize
∑

i

αi − 1

2

∑
i,j

αiαj yiyj (�(xi) · �(xj ))

subject to
∑

i

αiyi = 0

0 ≤ αi ≤ C for i = 1, . . . , n.

This is a standard type of optimization problem called a convex quadratic
programming problem for which there are well-known and efficient algorithms.
Through solving this optimization, the following equations are satisfied, which
provide the equation for the separating hyperplane:

w =
n∑

i=1

αiyi�(xi), (17.5)

αi(yi(w · �(xi) + b) − 1 + ξi) = 0 for i = 1, . . . , n, (17.6)

yi(�(xi) · w + b) − 1 + ξi ≥ 0 for i = 1, . . . , n. (17.7)

The solution to the optimization problem returns values for the αi and the ξi . From
these, w can be obtained directly from the expression above in Equation (17.5).
The scalar b can be obtained by solving Equation (17.6) for any i in terms of b,
though a better approach is to do this for all i and take the average of the values
obtained as the choice for b.

Solving this optimization problem and obtaining the separating hyperplane
(namely, w and b) are the processes of training. For classification, we need to
only check on which side of the hyperplane a feature vector x falls. That is, x is
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classified as 1 if

w · �(x) + b =
n∑

i=1

αiyi (�(xi) · �(x)) + b > 0,

and x is classified as −1 otherwise.
As mentioned in Section 17.4, under certain conditions the dot product �(xi) ·

�(xj ) can be replaced with a function K(xi, xj ) that is easy to compute. The
resulting classifier then becomes a form of a general kernel classifier. That is, a
feature vector x is classified according to whether

w · �(x) + b =
n∑

i=1

αiyi (�(xi) · �(x)) + b

=
n∑

i=1

αiyi K(xi, x) + b

is greater than zero or less than zero.

17.6 SUMMARY

In this chapter we described a highly successful state-of-the-art learning approach
known as SVMs. We started by discussing a key idea of SVMs which is to map
the feature vectors to a high-dimensional space and find a separating hyperplane
in this transformed space. This allows nonlinear classifiers in the original space,
and thus allows us to overcome the representational limitations of linear classifiers.
Yet, by working with linear classifiers we can come up with efficient computational
methods to find a classifier.

A second key idea of SVMs is that of large-margin classifiers. Among all hyper-
planes that separate a given set of training data, those with large margin will have
significantly better classification performance for typical distributions than others,
even though in a worst-case sense all separating hyperplanes have comparable per-
formance. Thus, a large-margin classifier in the transformed space can perform
well, even though the transformed space has high dimension.

This approach of transforming the feature space and finding a large-margin
classifier can be formulated as an optimization problem. Under certain conditions,
the classifier resulting from the solution to the optimization problem takes the form
of kernel methods and can be efficiently implemented.

The optimization problem is most easily formulated in the case where the non-
linear mapping is not used and the original training data are linearly separable. In
the case when the training data are not separable, slack variables can be introduced
and an optimization problem can be formulated that attempts to find a hyperplane
that separates the data as much as possible, that is, has a margin as large as possible
and minimizes the slack variables. The general case of nonlinear classifiers (i.e.,
using the mapping to a higher dimensional space) and nonseparable data in the
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transformed case results in the kernel methods mentioned above. Often in imple-
mentations of SVMs, the kernels are selected and the choice of kernel induces
a mapping and a new high-dimensional space, even though these need not be
explicitly considered.

17.7 APPENDIX: COMPUTATION

The success of SVMs as a practical learning method is due to a variety of factors,
one of which is the availability of effective algorithms for solving the corresponding
optimization problems. This is true more generally for successful learning methods.
That is, in addition to the generalization performance and other attributes of a
learning method, having good algorithms is crucial.

One might ask when good algorithms exist for learning or other problems
and how does one even formalize such a question? And before asking about the
existence of a good algorithm, one needs to address the question of what is an algo-
rithm? A branch of computer science known as the theory of computation addresses
these and other questions.

The modern theory of computing is often considered to have started with the
work of Alan Turing, Alonzo Church, and others. Turing proposed a fairly simple
and intuitive mathematical model for computing known as a Turing machine that
tries to capture the essence of digital computation. Some other models such as
recursion and λ-calculus being considered around the same time were shown to
have the same computational power as Turing machines. Since then a number of
other models for computing (including many variations in the details of the Turing
machine model) also have been shown to have the same computational power.
Turing machines (or other equivalent models) formalize the notion of an algorithm
and what can be computed. The equivalence of many models gives a reassuring
sense of robustness in the definition and leads to the widely accepted hypothesis
that Turing machines capture the right notion of computing—that is, anything that
is computable can be computed by a Turing machine, which is often known as
Church’s thesis or the Church–Turing thesis .

A remarkable result is that there are some problems or functions (in fact many
problems/functions) that cannot be solved or computed by a Turing machine, and
hence by any of the other equivalent models of computation. For such prob-
lems/functions, it is not a question of whether there is a good algorithm to solve
the problem or compute the function. Such problems simply cannot be solved and
such functions simply cannot be computed!

But fortunately many (all?) problems of interest are computable! For such prob-
lems, algorithms do exist for solving the problem and so some natural questions
are whether there are good algorithms and what is meant by good. Such questions
are studied in a branch of computer science called complexity theory .

A very common approach in complexity theory is to consider the time (num-
ber of steps) and space (amount of memory) needed to solve a problem. More
specifically, this type of analysis usually looks at how the time and/or space required
grow with the size of the problem. For example, in the case of learning, the size



QUESTIONS 185

of the problem might be captured by the dimension of the feature space d and the
number of training examples n . If we fix the dimension d , we might be interested
in how long it takes to compute a good decision rule as a function of the number
of training examples. We usually look for algorithms where the time required does
not grow too rapidly as a function of n .

Imagine, for example, three algorithms. The first requires 0.4n s, the second
algorithm requires 0.03n2 s, and the third requires (0.001)2n s to compute a good
rule. If we have 10 training examples, then the 3 algorithms would require 4, 3, and
1.024 s, respectively. It looks like the third algorithm is quite fast. But, if we had
1000 training examples, then the first algorithm takes 400 s, the second algorithm
takes 30,000 s, and the third algorithm takes over 10297 s! Clearly, the efficiency
of an algorithm is an important consideration for practical applications.

17.8 QUESTIONS

1. True or False: In SVMs, using linear rules in the transformed space can provide
nonlinear rules in the original feature space.

2. What is the form of the decision rule for a linear SVM?

3. If we insist that the hyperplane pass through the origin, what will the form of
the rule be?

4. Show that by increasing the dimension of the feature vector by 1, a hyper-
plane passing through the origin in the augmented space can represent a general
hyperplane decision rule in the original space.

5. How does the construction of the previous problem affect the margin of the
classifier?

6. SVMs solve a classification problem by, in effect, transforming the feature
space into another typically higher dimensional, sometimes infinitely dimen-
sional space and then finding a (possibly soft) wide margin linear separation
in that other space. What is the VC-dimension of linear classifications in an
infinitely dimensional space? Is that a problem? If so, does the use of wide
margin separations address that problem? Explain.

7. Why are SVMs called support vector machines. What is a support vector and
what role does it play in an SVM?

8. Suppose that in the transformed space the feature vectors and corresponding
labels are given as follows:

(−1, 0; +), (0, 1; +), (1, 0; +), (−1, 2; −), (−1, 3; −), (0, 3; −), (1, 5; −).
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(a) Plot the feature vectors. Label the support vectors and solve for the margin.
What is the SVM decision rule in this case? How would it classify the
feature vector (1,2)?

(b) Now we augment our data by adding a new point (−1,1;+). Repeat part
(a).

(c) If there were another data point in the set (0,0;−), describe in broad terms
how we would have to change our SVM algorithm. Why is this so?
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Boosting

Boosting is an iterative procedure for improving the performance of any learning
algorithm. It is among the most successful learning methods available. Boosting
combines a set of “weak” classification rules to produce a “strong” composite
classifier. Boosting proceeds in a series of rounds. In each round, a weak rule is
produced by running some basic learning algorithm using a different weighting of
the training examples. Starting with equal weighting in the first round, the weighting
of the training examples is updated after each round to place more weight on
those training examples that are misclassified by the current weak hypothesis just
produced and less weight on those that are correctly classified. This forces the weak
learner to concentrate on these hard-to-classify examples in the next round. After
a number of rounds, a final classification rule is produced via a weighted sum of
the weak rules. Although the weak rules produced in each round may have modest
performance, the algorithm “boosts” the performance to produce a new composite
rule with much better performance.

There are a number of variants of the basic boosting algorithm, one of the most
popular of which is the AdaBoost algorithm developed by Freund and Schapire
(1997). Before describing AdaBoost, we provide some background on weak learn-
ers and two of the key ingredients that are needed, namely, the ideas of combining
classification rules and of updating the weightings of the training examples.

18.1 WEAK LEARNING RULES

Recall that in any classification problem, the best error rate we can ever hope to
achieve is the Bayes error rate R∗. For any problem, it is trivial to design a learning
rule that has error rate 1/2. All we need to do is ignore the feature vector x and
decide +1 or −1 randomly. Thus, as mentioned in Chapter 5, we certainly have
R∗ ≤ 1/2.

An Elementary Introduction to Statistical Learning Theory, First Edition.
Sanjeev Kulkarni and Gilbert Harman.
© 2011 John Wiley & Sons, Inc. Published 2011 by John Wiley & Sons, Inc.
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There are some problems for which R∗ = 1/2. For these problems, we can do
no better than random guessing, regardless of the learning algorithm. For such
problems, boosting (or any other learning algorithm for that matter) will be of no
help. However, more typically, the Bayes error rate is strictly less than 1/2. For
such problems we would like to find rules with performance close to the Bayes
error rate.

As we have seen, the usual procedure is to observe a set of training examples
(x1, y1), . . . , (xn, yn) and to use the training data to construct classification rules.
Finding a rule with performance close to the Bayes rate can be quite difficult (and
we generally do not even know what is the Bayes rate). We have described a variety
of techniques each of which has some advantages and disadvantages, depending
on the problem at hand, and some of these will produce rules with error rate close
to the Bayes rate in the limit of infinitely many training examples. This was the
universal consistency property discussed earlier. However, for finite sample sizes,
all bets are generally off unless we impose some conditions on the underlying
distributions, the class of rules under consideration, or both.

Thus, for a finite number of training examples, the performance of the rule
produced might be far from the best possible. However, if the rule is performing
strictly better than random guessing, then it has extracted something useful from
the training examples. Such a rule will be called a weak learning rule. A weak
learning rule has an error rate ε = 1/2 − γ for some γ > 0.

Because of computational or other considerations, it might be easy to produce a
weak learning rule, even though finding a good rule may be difficult. This is where
boosting comes into play. If we have a method for producing even weak rules,
boosting can be used to combine these weak rules to produce a new classifier with
much better performance.

18.2 COMBINING CLASSIFIERS

Boosting combines a collection of weak classifiers to form a composite classifier
with (hopefully) better performance. This new classification rule is formed from a
weighted combination of the original classifiers. We explain how the weights are
computed later, and in this section we describe how to combine the classifiers if
we are given the weights.

Given a set of classification rules h1(x), h2(x), . . . , hT (x), we can form a new
classification rule as a weighted combination of these as follows. Suppose we have
a set of weights α1, α2, . . . , αT . Define

H(x) = sign

(
T∑

t=1

αtht (x)

)
,

where as before (Chapter 9), sign(u) returns −1 if u < 0 and returns 1 otherwise.
For a given x, each individual rule ht (x) outputs either +1 or −1. The combined

rule H(x) is a sign of some quantity; namely, it is the sign of the weighted sum
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∑T
t=1 αtht (x). If this weighted sum is positive, then H(x) = 1. If the weighted

sum is negative, then H(x) = −1. Hence, H(x) also outputs either +1 or −1, as
desired. Of course, we need some way to handle the case when the weighted sum is
zero. For simplicity, let us just assume that this gets mapped to +1. We already did
this implicitly with the definition of the sign(·) function, as we did in Chapter 9.
Then for any feature vector x, the output is either +1 or −1 so that H(x) is a
classification rule in the usual sense.

Note that the individual output ht (x) is the decision made by the weak classifier
produced in round t . Each of these decisions is multiplied by the corresponding
weight αt and these are added together to produce the weighted sum. In a special
case in which the αt are all equal and positive, H(x) is just the majority vote of
the individual rules ht (x). But, usually, the decisions of certain rules ht (x) will be
weighted more heavily than others.

18.3 DISTRIBUTION ON THE TRAINING EXAMPLES

As usual, the training examples to be used for learning are (x1, y1), . . . , (xn, yn),
where xi ∈ Rd and yi ∈ {−1, +1}. (Again, in this chapter it is convenient to con-
sider the classes as −1 and +1 instead of 0 and 1). Normally, any learning algorithm
will try to find a classification rule that makes the training error small. Given a rule
h(·), the training error of h is measured by the number of errors on the training
examples, that is,

n∑
i=1

I{h(xi ) �=yi } =
∑

i:h(xi ) �=yi

1,

where (as in Chapter 8) IA denotes the so-called indicator function of the event A
for which IA = 1 if the event A is true and IA = 0 otherwise. This is just a count
of the number of training examples for which the rule h applied to feature vector
xi disagrees with the observed label yi .

If we divide by n , then instead of the number of training examples on which h
disagrees, we get the fraction of training examples for which h disagrees with the
observed label. Let us denote this fraction by ε, so that

ε = 1

n

n∑
i=1

I{h(xi ) �=yi } = 1

n

∑
i:h(xi ) �= yi

1. (18.1)

We can think of ε as the probability of error (or error rate) over the training
examples when each of the training examples is equally likely. Learning algorithms
typically attempt to find a rule to make ε small, though as we have seen, some-
times this objective is balanced with a competing objective of simplicity of the
classification rule.

The examples that are misclassified by h are presumably “difficult” ones to clas-
sify. Suppose we apply whatever learning algorithm we are using and try to focus
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attention on these difficult cases. We might do this, for example, by assigning more
weight to these examples and less weight to the “easy” ones. We can think of the
weight of a particular example as the probability of seeing that example. We can
either generate “new” examples by drawing (xi, yi) pairs according to these prob-
abilities, and then train the learning algorithm on this set of “new” examples. Or, if
possible, we can simply apply the learning algorithm with the objective of minimiz-
ing the weighted training error, rather than the unweighted error ε defined above.

We will let Dt(·) denote the distribution on the training examples at round
t , so that Dt(i) is the probability (or weight) that we assign to the i th training
example. At stage t , the goal of the weak learning algorithm will be to minimize
the weighted training error. That is, instead of trying to minimize the unweighted
error in Equation (18.1), the weak learning algorithm will produce a hypothesis
ht (·) that attempts to minimize the weighted error, εt , defined by

εt =
n∑

i=1

Dt(i)I{ht (xi ) �=yi }. (18.2)

We can think of εt as the probability of error of the classifier ht (·) produced by
the weak learning algorithm at round t , where the probability is computed with
respect to the distribution Dt(·).

18.4 THE ADABOOST ALGORITHM

We now have all the ingredients needed to describe the specifications of a boosting
algorithm, but before giving the mathematical details, we give a rough description
of the main steps.

Boosting works in the following way. As input, we have the training data
(x1, y1), . . . , (xn, yn) and we have access to a weak learning algorithm. The output
is a classifier that is a weighted combination of weak classifiers produced at each
of several rounds. The main steps are as follows:

• Start with a uniform weighing that places equal weight on the training
examples, and set t = 1.

• At each stage t = 1, . . . , T , run the weak learning algorithm to produce a
hypothesis ht (·).

• Compute εt (the error rate of ht (·)), and use this to compute the weights αt .
• Update the distribution on the training examples from Dt(·) to Dt+1(·) to

assign more weight to those training examples that ht (·) misclassified and
less weight to those examples that ht (·) classified correctly. That way, in the
next round (i.e., at stage t + 1), the weak learning algorithm will focus more
on the examples that were misclassified in the previous stage.

• After finishing all T rounds, use the weights αt to form the final composite
classifier H(·) as a weighted combination of the weak learning rules ht (·).
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To describe a boosting procedure precisely, we need to specify only the choice
of the weights αt and the way the distribution Dt(·) is updated. The version of
boosting that we describe is the AdaBoost algorithm developed by Freund and
Schapire (1995). This has been found to be an extremely effective algorithm and
has been widely studied.

AdaBoost

• Input:
– Training data (x1, y1), . . . , (xn, yn).

– A weak learning algorithm.

• Initialization:
– Set t = 1.

– Set D1(i) = 1/n.

• Main Procedure: For t = 1, . . . , T :

– Use the weak learning algorithm on distribution Dt to get classifier ht (·).
– Let εt be the error rate of ht (·) with respect to the distribution Dt . Set

αt = 1
2 log

(
1−εt

εt

)
.

– Update the distribution as follows:

Dt+1(i) = Dt(i)e−αt yiht (xi )

Zt

,

where Zt is a normalization factor to ensure that

T∑
t=1

Dt+1(i) = 1

• Output: The final classifier H(·) output by the boosting procedure is given by

H(x) = sign

(
T∑

t=1

αtht (x)

)
.

18.5 PERFORMANCE ON TRAINING DATA

Boosting is specifically designed to combine weak rules in such a way that the
error on the training data can be reduced. Recall that we let εt denote the error rate
of the hypothesis ht produced at stage t weighted according to the distribution Dt .
We have assumed that the base learner produces a hypothesis that is better than
random guessing, so that εt < 1/2. However, since the base algorithm is just a
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weak learner, the error rate may not be much better than random guessing. Let γt

be the amount by which ht performs better than random guessing on the training
data (weighted according to Dt ). That is,

γt = 1/2 − εt .

It can be shown that the training error of the final classifier produced by
AdaBoost is bounded as follows:

1

n

n∑
i=1

I{H(xi ) �=yi } ≤ e−2
∑T

t=1 γ 2
t . (18.3)

The left-hand side is just the (unweighted) error rate of H on the training data,
that is, the number of training examples which H classifies incorrectly divided by
the total number of training examples. Since the base classifier produced on each
round is better than random guessing, γt > 0. Thus, the bound on the right-hand
side of Equation (18.3) becomes smaller with every round.

Suppose the base classifier on each round is better than random guessing by
some fixed amount. That is, suppose that for some γ > 0, we have that

γt ≥ γ.

Then, the bound in Equation (18.3) shows that the training error goes to zero as
the number of rounds increases. In fact, in this case the training error approaches
zero exponentially fast in the number of rounds T since

e−2
∑T

t=1 γ 2
t ≤ e−2

∑T
t=1 γ 2 = e−2T γ 2

.

Boosting algorithms prior to AdaBoost satisfied similar bounds on the training
error but required knowledge of γ , which can be hard to obtain. The beauty of
AdaBoost is that it adapts naturally to the error rates of the ht so that knowledge
of γ is not required (hence the name AdaBoost, short for Adaptive Boosting).

18.6 GENERALIZATION PERFORMANCE

While the results in the previous section on the performance of boosting (in par-
ticular, AdaBoost) on the training data in some sense are reassuring, for a learning
method to be valuable we are really interested in the performance on new data.
That is, ultimately we are interested in the generalization error as opposed to the
training error.

Of course, using VC theory, we have seen that if the set of decision rules under
consideration is not too rich (as measured by the VC-dimension of this set), then we
can bound the generalization performance for classifiers that minimize the training
error. Such an approach can be applied to boosting with the following result. Let
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V denote the VC-dimension of the set of base classifiers. As before, n denotes the
number of training examples, and T denotes the number of rounds of boosting.
Also, following the notation from previous chapters, the error rate of the classifier
H on a new example is denoted by R(H ), and this quantifies the generalization
performance. That is,

R(H) = P {H(x) �= y}

is the probability that H misclassifies a new randomly drawn example. After T
rounds of boosting, the error rate is bounded, with high probability, as follows:

R(H) ≤ 1

n

n∑
i=1

I{H(xi ) �=yi } + O

(√
TV

n

)
. (18.4)

The first term on the right-hand side of Equation (18.4) is just the fraction of
errors made by the classifier H on the training data as we saw before. From the
previous section, we know that this tends to zero as the number of rounds increases.
On the other hand, the second term on the right-hand side of Equation (18.4) is
problematic. As T increases, this term also increases, so that the bound on the
generalization error gets worse.

This suggests that as we run boosting for more rounds we will tend to overfit the
training data. As the error on the training data becomes smaller, the bound on the
generalization error gets worse, which is not unexpected. Although the base class
has finite VC-dimension, boosting produces an output formed by a combination of
a number of base classifiers. As T increases, the VC-dimension of the set of all
such combinations generally increases.

However, although sometimes overfitting is observed, in many cases, in practice,
the generalization error continues to decrease as the number of rounds increases,
and this can happen even after the error on the training data is zero. Explanations
for this have been provided in terms of the margins of the classifier. In Chapter 17,
we introduced the idea of the margin of a linear classifier as a measure of how
widely the classifier separates the data. There are different ways to measure this,
and for the analysis of boosting a slightly different definition is used than that from
Chapter 17.

Define the margin of the example (xi, yi) as

margin(xi, yi) = yi

∑T
t=1 αtht (xi)∑T

t=1 αt

. (18.5)

Recall that the classifier produced by boosting is

H(x) = sign

(
T∑

t=1

αtht (x)

)
.

The quantity inside sign(·) is multiplied by yi in the numerator of the expression for
the margin. Hence, the numerator (and therefore the margin) of (xi, yi) is positive
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if and only if H classifies (xi, yi) correctly. Also, the margin is always between
−1 and +1. It will be +1 if every one of the base classifiers ht classifies (xi, yi)

correctly and it will be −1 if every one of the base classifiers classifies (xi, yi)

incorrectly.
In a sense, the margin measures the confidence in our classification of (xi, yi).

If the margin of many of the training examples is large then H classifies these
with high confidence, and we might expect that H also generalizes well. It has
been shown that larger margins on the training example do in fact result in a better
bound on the generalization performance of the classifier. In particular, it can be
shown that for any θ > 0, the error rate R(H ) is bounded, with high probability, by

R(H) ≤ 1

n

n∑
i=1

I{margin(xi ,yi )≤θ} + O

(√
V

nθ2

)
. (18.6)

The first term of the bound is the fraction of training examples that have margin
less than or equal to θ . An important feature of this bound is that it does not
depend on T . This helps explain the empirical observation that often running
boosting for many rounds does not increase the generalization error.

18.7 SUMMARY

Boosting is a very effective learning procedure that combines a set of weak classi-
fiers to form a strong classifier. Boosting works through a series of rounds, and in
each round a weak classifier is produced that focuses more attention on those train-
ing examples that have been misclassified in the previous round. The final classifier
is then formed as a weighted combination of the weak classifiers produced in each
round, where the weights are based on the performance of the weak classifiers.
AdaBoost is a particular implementation of boosting that is simple, works well in
applications, and has a number of useful properties.

18.8 APPENDIX: ENSEMBLE METHODS

We have considered a number of different methods for learning in this book, and
there are many that we have not discussed. Faced with a specific learning problem,
a natural question is which of the many available methods should we choose. As we
discussed in Chapter 6 in the context of the so-called “no free lunch theorems,” there
is no algorithm that outperforms all others for all problems. Thus, it is important
to make a judicious choice of the method on the basis of an understanding of the
problem at hand. Once a method is chosen and applied to the training data, we
obtain a decision rule.

The idea used in boosting is suggestive of a somewhat different approach. Rather
than come up with a particular decision rule by simply applying a learning method
to the training data, suppose we generate a number of decision rules, and then to
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classify a new feature vector we take a weighted majority vote among these rules.
Boosting suggests one way to do this, and such approaches more generally have
come to be called ensemble methods . The hope is that by using a collection (or
ensemble) of classifiers and combining them in a suitable way, we can come up
with a rule with a performance better than we could have obtained using any one
of the individual classifiers.

There are many ways to generate an ensemble of classifiers that we can try
to combine. For example, we could apply a number of different methods on the
training data (e.g., the various methods we discussed as well as others), and the
ensemble would consist of the collection of classifiers produced by the various
methods. But for a practical approach, we really would like a systematic and
computationally efficient way to generate the ensemble and combine the constituent
classifiers. There are various ways to do this. Generally, a basic learning method
is selected and then some details of the method or the way in which the training
examples are used is systematically varied.

For example, if there are parameters or initial conditions used in the learning
method, then the method can be run multiple times with different choices of the
parameters or initial conditions. This has been used with neural networks where the
network is trained multiple times using different random choices of initial weights.

Several ways to generate an ensemble of classifiers involve manipulating the
training data. A technique known as bagging is a simple example of this approach.
In bagging, if we have n training examples, then we generate a new set of n training
examples by randomly selecting examples with replacement from the original set.
By doing this, many examples will appear multiple times while others will be
left out. The learning method is applied to this new set of training examples to
produce a classifier and the process is repeated a number of times to produce the
ensemble. This is a type of bootstrap technique and the term bagging comes from
bootstrap aggregation. Another approach is to leave out disjoint subsets of the
original training data and run the learning method on each reduced set of training
examples. This is a type of cross-validation approach. Boosting also falls in this
type of approach of manipulating the training data.

By generating an ensemble of classifiers and then combining them, the final rule
produced is generally not in the space of rules that could be generated by the basic
learning method. Thus, the ensemble method entertains a richer set of classifiers
and so might be expected to have larger generalization error. One might argue
that an ensemble method is just another learning method that considers a larger
set of possible decision rules. It uses a set of training examples and produces a
classifier. Yet, as we discussed for boosting, by suitably generating and combining
the ensemble, performance better than any of the individual classifiers can often
be obtained.

18.9 QUESTIONS

1. What is boosting? What is a “weak” learning rule? When might boosting be a
useful method of improving the results of weak learning rules?
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2. True or false: Boosting is best seen as a special case of a kernel method.

3. If ht (x) is the rule produced by boosting at round t , write the expression for the
final classifier H(x) after T rounds in terms of the ht (x) and the weights αt .

4. How can boosting turn a weak classifier into a better classifier?

5. Philosophers sometimes suggest that there is a sense in which you are justified
in believing something only if you believe it as the result of a reliable process
of belief formation. What do you think they mean? Is there anything about
statistical learning theory that might help explain what it is to be justified in
this sense?

6. Consider the following method for using data to come up with a good classi-
fication rule: use the data to estimate the background probability distributions
and then use these distributions to find a Bayes rule. How does this method
compare with other learning methods discussed in this book?
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